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ABSTRACT 

Traditionally, the analysis of computer algorithms has concentrated on combinatorial methods, with 
the primary objective being worst-case performance bounds. However, in the last 10 years there has 
been a dramatic increase in the probabilistic analysis of algorithms. One reason is obvious and suggests 
that the trend will continue: the statistical behavior of an algorithm and the objective it produces is 
usually more useful than the worst-case behavior, which is frequently determined by pathological 
problem instances of little practical interest. Another reason is that a broadly applicable collection of 
problem-solving tools and techniques has developed; currently, there is a major effort in computer 
science and applied mathematics to extend the methodology and to apply it to classical problems in 
computer engineering and operations research. 

These lecture notes describe and illustrate elementary, but fundamental approaches to the 
probabilistic analysis of combinatorial structures. The theme we have chosen is the class of structures 
produced by packing and partitioning algorithms. This arena supplies easily stated, but difficult, in fact 
NP-hard, combinatorial optimization problems that form excellent subjects for probabilistic analysis. 
Packing and partitioning problems appear in an enormous variety of applications. The resulting, large 
body of research that has developed around these problems affords many examples of powerful 
probabilistic techniques. 

By and large, an exact analysis of the more interesting packing and partitioning algorithms is 
extremely difficult; success in acquiring insights has relied chiefly on asymptotic methods, which will be 
a second, parallel theme of our discussion. As we will explain. such methods address more tractable 
questions. Fir example. an asymptotic analysis normally seeks average-case behavior only in the limit 
of large problem sizes. Moreover. it may requi re that results be accurate only within unspecified 
constant factors. 

The notes start with an introductory section in which problems and notation are defined. The second 
section describes general approaches along with background results in applied probability; simple 
illustrations are included. Later sections provide more detailed illusttations drawn from the theories of 
multiprocessor scheduling and one-dimensional bin packing. 

• Supponed by NSF Grant DCR 85-09667. 
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1. Introduction 

The sequencing and packing problems to be considered here all involve the partitioning of a set 

S = {X I •.. . • X.} of non-negative numbers such that the sums of the elements in the blocks of the 

partition satisfy certain desired properties. For example. an instance of the makespan scheduling 

problem is made up of S and an integer m ~ 2; the objective is to find a partition of S into m blocks so 

that the maximum block sum (i.e. makespan) is minimized over all such partitions. As another example. 

an instance of one-dimensional bin packing is composed of a real number c > 0 (the bin capacity) and a 

set S of elements no larger than c: the problem is to find a partition of S of minimum cardinality under 

the constraint that no block sum exceeds c. (In th is problem c is essentially a seale faelOr. so we make 

the usual normalization c = 1.) As a fin al example. we mention strip packing. In this problem. we are 

given a semi-infinite strip of unit width and a problem instance L. = (R I • R2 • . . .• R.) specifying a list 

of rectangles R; = (X;. Y ;) . 1';; i';; n. with X;';; 1 the width and Y ; the height of R;. The object is to 

pack the rectangles into the strip so that 1) the rectangles do not overlap each other or the edges of the 

strip. 2) the rectangles are packed with their sides parallel to the sides of the strip (90' rotations are 

disallowed). and 3) in a vertically oriented strip. the maximum height reached by the tops of the 

rectangles is minimized. 

Merely deciding whether a list of numbers can be partitioned into two blocks with equal sums is 

NP-complete [Karp (1972)]. so both the above problems are NP-complete. Since it is generally believed 

that P '" NP. it is probably overly optimistic 10 hope to fi nd an algorithm that solves these problems 

exactly and efficiently. (Garey and Johnson (1979) provide a comprehensive treatment of NP

completeness and its implications.) Thus. a substantial literature has built up over the past 15 years on 

the design and analysis of heuristic or approximation algorithms. i.e. algorithms that are easily 

implemented. fast, and provide results which are relatively close to optimum solutions most of the time. 

Rendering this last statement in concrete terms is the goal of the analysis of heuristics. 

Most of the early research in the analysis of sequencing and packing algorithms concentrated on 

combinatorial. worst-case results. For example. if H(S • m) denotes the makespan under heuristic H 

with S and m as inputs. the objective was to find for each m an upper bound on H(S • m)IOPT(S • m) 



I. 3 

over all S. where OPT stands for an optimization algorithm. i.e. OPT(S • m) denotes the solution value 

of the makespan optimization problem for the problem instance (5 • m). Similar performance ratios 

were defined and studied for bin-packing problems. 

By contrast, the probabilistic analysis of algorithms is a more recent line of research. In the vast 

majority of probability models for the problems we consider, the elements of S are assumed to be n 

independent. identically disuibuted (i.i.d.) random variables with a given disuibution function F(x). The 

goal is then to obtain probabilistic measures of performance. 

The structure of most heuristics makes it convenient to suppose that the set S is provided in the form 

of a list L. = (X 1 ••••• X.) of n elements. Thus, in the following a list L. denotes an instance of bin 

packing with c = 1 assumed, and (L • • m) denotes an instance of the makespan scheduling problem. 

H(L. , m) and H(L.) are the obvious random variables. and the expected values E[H(L.)] and 

E[H(L • • m)] are taken over all sequences of n elements. Thus. the former is a function of n and the 

latter is a function of both m and n. 

As might be expected, probabilistic analyses are often quite difficult. and one rarely finds an explicit 

formula for the quantity of interest. A variety of weaker statements can be made. however. which still 

yield important insights. Using bin packing as an example. suppose that E[H(L.)] is being 

investigated. If we are unable to find an explicit formula for E[H(L. ) ]. we may still be able to find a 

function fen) such that E[H(L.)] - fen). as n -->~. i.e .• the ratio E[H(L.)] lf(n) tends to 1 as 

n -->~. Failing this. we may be able to find upper or lower bounds on the ratio. which can be 

conveniently described in terms of the 0-. no. and E:l-notation explained by Knuth (1976). If there are 

positive C and C' such that 

(1.1) C f en) $ E [f-I (L. )] $ C' fen ) 

with finitely many exceptions. then we write E [H (L. ) ] = E:l(f(n)). If even this cannot be proved. we 

may be able to establish the left or right side of (1.1). If IE[f-I(L.)]1 $ C fen) with finitely many 

exceptions. then we write E[H(L. )] = O(f(n) ); similarly. if C fen) $ E[H(L.)] with finitely many 

exceptions. then we write E[H(L. ) ] = n (f(n)). In some cases we are limited to even weaker 
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statements. For example. it may be poss ible to state a strong bound on the median of some quantity. 

but not on its mean. 

Occasionally. however. very strong statements are provable. For example. once we have established 

that E[H(L. l ]l f(nl -> I as n ->~. we may wish to investigate the asymptotic behavior of 

E[H(L.l] - f(nl. In particular. we may be able to show that the number of bins used to pack n items 

is asymptotic to the total size of the items. It then becomes interesting to investigate the difference 

between E[H(L.l] and the expected total size of the items. i.e .• the expected total amount of wasted 

space in the bins. 

As later sections show. a probabilistic analysis is often complicated by the conditional probabilities 

that arise. For example. if an algorithm begins by comparing X, and X z. then in the branch of the 

algorithm corresponding to X, > Xz the diSlTibutions are conditioned upon the event {X, > Xz}. After 

the algorithm has made a substantial number of comparisons. the conditioning can easily make a direct 

analysis formidable. One goal of these nmes is to describe the various methods that have been used to 

deal with such difficulties. 

In the next section we consider first general and then more detailed analytical techniques. 

Subsequent sections then take a deeper look at the application of these techniques to makespan 

scheduling and bin-packing. Hereafter. we use terminology commonly found in the literature. The 

elements of S are called items and tasks in bin-packing and makespan scheduling. respectively; blocks 

are called bins B, • B z .... and processors. p,. P z •. ..• respectively; and the process of assigning 

elements to blocks is termed packing and scheduling. respectively. Except when noted otherwise. the 

elements of the lists L. are to be taken as i.i.d. random variables throughout the remaining sections. 

2_ Solution Techniques 

In this section we describe in general terms a number of approaches that have been applied to the 

analysis of sequencing and packing heuristics. We also provide a few brief illustrations; further 

instances of these approaches appear in later sections. 
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Before discussing analytical techniques, it is worth noting the valuable role that numerical 

experimentation can play in guiding thc probabilistic analysis of algorithms. In order to get a feel for 

the average-case behavior of a problem, one can gencrate problem instances at random (by compuler), 

and it may be sufficient to examine only a relatively small set of such instances. Thus, it may well be 

possible to generate data for problems in which there are many thousands of items, and develop intuition 

about the asymptotic behavior of the solution. This can then guide the analysis. For excellent examples 

of such experiments, see the work of Bentley et al (1983) and McGeoeh (1987). 

2.1 Markov chains 

Techniques for obtaining partitions that approximately solve some problem have often been defined 

by sequential algorithms. Thus, a fundamental approach to the probabilistic analysis of such an 

algorithm begins with the formulation of an appropriate Markov chain representing the execution of the 

algorithm as it sets up the schedule or packing element by element. A state of the Markov chain must 

represent block sums in a suitable way; given the state space the transition function will be defined by 

the algorithm, If the state space and transition function are simple enough, then classical methods can 

be applied to obtain results for general n through a transient analysis, or asymptotic results for large n 

through a steady-state analysis. 

To illustrate ideas let us consider an average case analysis of the simple list scheduling (LS) rule for 

the makespan problem. With this rule, initially available processors P" ... , Pm are assigned tasks 

taken in order one at a time from the list L. = (X" X2 , ... , X.). The first m' = min(m,n) tasks are 

assigned to P, • ' , , , Pm' in any order; thereafter, when n > m. the i'" task (m < i" n) is assigned to 

a processor whose finishing time is minimal in the schedule for the first i-I tasks. 

Let us consider the simplest non-trivial case, m = 2, and define V; as the (positive) difference 

between the processor finishing times after the first i elements have been selected. Thus. 

V; = !V;-I - X; I. I "i" n, with Vo = O. so the analysis of 

V. I n 
LS(L 2) = - + - ~ X · 

n· 2 2.~ I 

I = I 
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reduces to the analysis of the chain {Vi; i " I}. But it is easy to verify that {Vi; i " I} is a Markov 

chain. A standard analysis yields a functional equation defining for each i" I the distribution of Vi in 

terms of F(x) and the distribution of Vi -I (see [Feller (1971)]). Simple solutions are obtainable when 

F(x) is specialized to ei ther a uniform or exponential distribution. The stationary solution for the 

Markov chain, and hence asymptotics concerning makespans, can be obtained for general F(x). 

In a similar vein Markov chains in higher dimensions can be formulated for the cases m" 3. 

However, explicit formulas for expected makespans have yet to be obtained for general F(x). Although 

results exist for the exponential case. the problem with F (x) uniform is open even for m = 3. 

2.2 Bounds 

When approaches to exact results fail, one turns naturally to bounds in order to get at least some 

information. Of course. bounds can enter the analysis in many ways. Here, we consider bounds 

introduced at an early stage. A prime example consists of applying at the outset a deterministic bound 

to the objective function itself; e.g. in analyzing the bin-packing heuristic H it may be possible to find a 

useful, more tractable function g(L.) such that g(L.) "H(L.) for all problem instances L •. Thus. if 

E[g(L.)] is relatively easy to calculate, then for the average-case performance measure we obtain the 

bound E[H(L.)] ,;; E[g(L.)). 

A concrete example is provided by our earlier LS makespan problem. Let the ratio 

LS(L. , m)IOPT(L • • m) play the role of the objective function and let r(n • m) be its expected value. 

For any L. = (X I , .•• , X.) it is easily proved that 

(2.1) I 
OPT(L • . m) ,,- E Xi, 

m ISiS" 

and (e.g. see [Graham (1969)]) 

(2.2) m-I I 
LS(L. ,m) ,,; max {Xi} (--) + - E Xi. 

m m ISiS,,, 

Thus, as illustrated by the analysis of Coffman and Gilbert (1985), r(n , m) satisfies 



., 

---- ........ - -

I. 7 

[

max {X ;}] 
r (n,m ):;; I + (m -I ) E L Xi' 

I SiS /I 

and an upper bound on r(n , m) can be found from an analysis of the ratio of the maximum lO the sum 

of n i.i.d, random variables. Analogous uses of similar bounds for the makespan problem can be found 

in the work of Bruno and Downey (1986) and Boxma (1985). In section 2.5.1 we again use (2.1) and 

(2.2) in an application of Chernoff bounds. 

2,3 Dominating algorithms 

A common way to obtain a useful bound on f1 (L. ) is to introduce a simpler, more easily analyzed 

algorithm f1' for which it can be proved that N' (L.) ~ N(L. ) for each problem instance L. (we say 

that N is "dominated" by N'). Many of the resullS in the probabilistic analysis of bin-packing afford 

good illustrations of this approach. For example, consider the next-fit (NF) heuristic applied lO bin-

packing. Beginning with an unbounded sequence of initially empty bins, B l ,B2 , ... , the items of L. 

are packed in tum, starting with XI, which is placed in B 1. Suppose XI, ... , Xi -1, i ~ 2, have 

already been packed, and B j is the highest indexed non-empty bin. Then Xi is placed in B j if it filS, i.e. 

if the present level of B j satisfies LX :;; I - Xi; otherwise, Xi is placed into B j + 1• The next-fit
X e 8} 

decreasing rule (NFD) is defined in the sarne way except that the items are drawn from L. in non-

increasing oroer, i.e. in the order X (. ) , X (. - 1) , ... , X (1) , where X (i) is the i'" order statistic. 

Csirik et al (1986a) obtained resullS for NFD by analyzing a dominating algorithm called sliced NFD 

with parameter r, SNFD,. SNFD, is the sarne as NFD until it first packs an r'h item in a bin . (Note 

that the size of such an item can be no greater than 1/ r.) At that point SNFD, packs the remaining 

items r to a bin. For any list L .. SNFD, clearly dominates NFD, Le, SNFD, (L.) ~ NFD(L.). 

Moreover, NFD(L.) = lim SNFD, (L. ). 
,-+ -

Let ki , i~ 1, denote the number of items in L. with sizes in the interval (1 / (i+l), l / i], and let 

Ki = k i + k i+1 + .... The following bounds are easily verified: 
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'i:: lki J ,; NFD(L,) ,; SNFD, (L,) ,; I ~1 + 'i:: r k i 1· 
l"d I I r 1=1 I 1 

Now suppose item sizes are independent samples from U(O, I ), the uniform disnibution on [0,1]. Then 

E(k i ) = nl (i(i + 1)) and E(K,) = n l r, and a routine analysis of the above bounds shows that 

1t
2 

E[NFD(L, ) ] - ((5 - 1) n as n --> ~. a result also obtai ned by Hofri and Kamhi (1985). 

2.4 Bounds that usually hold 

In some cases it is useful to employ a bound that does not hold in all cases. For example, instead of 

requiring that the bound H (L, ) ,; geL, ) always hold, it may be possible to find a smaller bound g' (L,) 

such that H(L, ) ,; g' (L,) holds except with small probability E" and in the remaining cases a much 

weaker bound H(L,) '; g"(L,) holds. If E, --> ° for large n. and sufficiently rapidly that 

E, g" (L, ) = o(g' (L, )). then we have 

(2.3) E[H(L, )]'; (1 - E,)g'(L,) + E, g"(L, ) -g'(L,). 

As an example. we consider the analysis by Bentley et al (1984) of the first-fit (FF) algorithm for bin 

packing. (A further example appears in section 5.1.) In contrast to NF. which starts a new bin only 

when an item does not fit into the highest indexed non-empty bin. FF nies all occupied bins before 

starting a new bin. Specifically, FF packs each item into the lowest indexed bin in which it fits . As 

with NFD, FFD assumes that L, is in decreasing order. 

Bentley et al (1984) showed that E[FF(L,)] - nl2 = O( n4ls ) when the item-size distribution is 

U(O,I) . The proof begins by selecting k to be the smallest odd number greater than or equal to Ln ' 15 J, 

and then transforming the given list L, into a discretized version, D" by rounding each item size up to 

multiple of 11k (more precisely, we replace each Xi by rkXil/k). Next, a sublist D~ <;;.D. of 

maximum cardinality is selected with the property that the number of items of size (k - i - I) l k does 

not exceed the number of size (k - i) lk, for each 1 ,; i ,s; k - 1. A restricted FF algorithm, called RFF, 

is then applied to D~ ; RFF is the same as FF except that a bin is "closed" (considered unavailable for 

further items) if it has two items. The combinatorial argument consists of a sequence of lemmas 

proving that RFF is a dominating algorithm satisfying FF(L,) ,s; RFF(D~) + ID.I - ID~ I , and that 



I.9 

RFF(D~) is simply the number of items exceeding 1/2 in D~. 

The probabilistic part of the proof then shows that the follow ing two events each have probability at 

least I - lin for large n: a) the number of items exceeding 112 in D~ is nl 2 + O(n 4/ S
), and b) 

I D. I - I D~ I = O(n 4ls ). The proof for part (b) interprets the difference in the numbers of items 

generated in D. with sizes (i - 1)1 k and i lk as a random walk for each i. 

Now letting g' be the bound determined above on the excess over nl 2 of the number of bins used by 

FF, and letting g" be the trivial bound obk1ined by noting that the algorithm never uses more than n 

bins, then in the notation of (2.3) we have E. = O( l /n), g' (n) = O(n 4
") , and g" (n) = ni2, from 

which the result follows immediately. 

2,5 Results from Applied Probability 

Classical results have been applied in a varie ty of ways, some involving considerable ingenuity, In 

addition to several of these results , we mention a relatively new one in 2-dimensional matching which 

has had a surprisingly broad application in the probabilistic analysis of algorithms. 

2.5.1 Asymptotics for sums of random variables - It is obvious that central limit theorems are an 

important element in the theory drawn upon by the probabilistic analysis of packing and partitioning 

algorithms. This can also be said of the variety of Chernoff estimates for the distribution of sums of 

bounded i.i.d. random variables. Many such bounds begin with the observations that 

• • 
P{ LXi - nE[X] "nt} = E[X,], where X, = 0 or 1 according as LXi - nE[X] - nl is negative or 

i=l i=1 

• 
nonnegative, respectively, and that X, ,; exp{h[ LXi - nE[X] - nIl} for all h > O. If the X i' S are 

i=d 

distributed on [O,ll, then by bounding the exponential function and suitably choosing h, it is not difficult 

to prove the following result (see (Hoeffding (1963), inequality (2.3)]). 
j 

Letting Sj = L Xi - j E[X] 
i=l 

denote the differences between the partial sums and their means, we have 

(2.4) 

with a similar bound applying to P{S. ,; -In}. An elementary application of this result is provided 
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by the earlier analysis of the LS rule. Dcfine the relalive error 

(2.5) 
LS LS (L. , m) - OPT(L. ,m) 

R (L., m) = 
OPT(L. ,m) 

If we assume that the Xis are uniformly distributcd on [0,1], then max Xi'; 1 so that (2.1) and (2.2) 
1 S j S;" 

imply 

(2.6) RLS (L., m) ,; (m- l) / I. Xi. 
j:::\ 

Together with the symmetry of the uniform distribution, an appeal to (2.4) with 1= 1/4, for example, 

then yields 

which gives useful information on the rate of convergence of the limit RLS -> ° as n ->~. 

A bound similar to (2.4) appears in section 3. Other applications of this result can be found in the 

work of Frenk and Rinnooy Kan (1985a,b), Rhee (1985) and Karp (1982). (See also sections 4 and 5.) 

It can also be shown that a bound like (2.4) also applies to the maximum of the partial sums Sj: 

(2.7) 

with the same bound applying to P { max S j ,; - xI;; }. 
ISiS" 

To illustrate the use of (2.7) consider strip packings, in which the widths Xi and heights Yi of the 

rectangles in L. are independent draws from U(O,I). Define the following heuristic H for packing L •. 

I. StaCk the rectangles with widths greater than 1/2 along the left edge of the strip in order of 

decreasing width. 

2. Starting at the height H 112 of the above stack, stack the remaining squares along the right edge of 

the strip in order of increasing width. 

3. Slide the stack on the right edge down until it rests on the bottom of the strip, or a rectangle in 

the right stack comes in contact with a rectangle in the right stack, whichever occurs first. 
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It is not difficult to prove that (Coffman and Shor (1988)) 

where 0(0) = 0 and 

o(y) = 

H(L.) = /-I lI Z + max o(y) , 
OSySl/2 

Yj - Yi • o < y " 112 . 

Now nole that the process o(y), 0" y" 112, can be analyzed as a random walk {/;,; 0" i S n}, 

/;0 = 0, with steps being independent draws from U( - 1, 1); as y increases from 0 to 1/2, we make a 

step whenever another reclangle is found to have a width in [~ - y, ~ + y 1 The Slep is up or down 

according as the width of the new reclangle fall s in [+ -y, +] or [ ~ , ~ +y]. respectively. Then 

n 
E(H(L.) ) = E(f{ liZ ) + E ( max /;j) = - + E( max /;j) . 

OSjSn 4 OSjS " 

Since Sj' 1 S j S n, is the sum of j i.i.d . bounded random variables, we have by (2.7), 

and hence H(L. ) = : + 8C,In). 

2.5.2 Applications of the Poisson Process - As we mentioned in the introduction, the lack of 

independence can be a significant source of difficulty. Occasionally, one can produce the desired 

independence by a further randomization of the input. For example, let N be a random variable with a 

Poisson distribution and mean value n. Equivalentl y, N may be laken as the number of renewals in (0,1) 

of a Poisson process with parameler n. If we draw N i.i.d. values from U(O,I), then for any interval 

I \; [0,1 ) the number of points in I and the distribution thereof is independent of events outside of I. 

The standard deviation of N is..r;; and for large n, N l n is likely to be very near I, so in this sense the 

distribution just mentioned is not far from the distribution of n i.i.d. values drawn from U(O, I). In 

some cases one can thus use the Poisson distribution to simplify an analysis. An application of this 
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approach to a packing problem appears in section 5. 

A useful, complementary view of ille above property of Poisson processes can be stated as follows 

(see [Cinlar(1975)] for example). Let 0 < II < 12 < ... < IHI be ille first n + 1 event times of a Poisson 

process wiill rate parameter 1, and define 10 = O. By definition, ille differences li+1 - Ii, 

i = 1,2, ... , n are LLd. wiill an exponential distribution. It is well known illat ille ratios /;11.+1, 

1,; i,; n, are independent of /.+1 and distributed as the order statistics of n i.i.d. uniform random draws 

from [0,1]. Thus, in some cases, replacing these order statistics by the Ii can be useful when analyzing 

problems involving ille differences of illese order statis tics. An illustration of illis technique is provided 

in section 3. (See Chapter 13 of [Karlin and Taylor (198 1)] for more discussion of ille relationship 

between the Poisson process and order statistics.) 

2.5.3 The second moment method - As an application of Chebyshev's inequality it is not difficult to 

prove that 

P{Y = OJ ,; E[y2] - E[Y]2 
E[y]2 

This inequality has often been used to show the existence of combinatorial quantities; its use is called 

the second momenl melhod (see [Erdos and Spencer (1974)]). 

L. A. Sheppt (1972a,b) has shown how one can prove a somewhat stronger inequality by a different 

route. Let X be 0 if Y is 0, and 1 oillerwise. Then by Schwarz' inequality, we have 

E[Y)2 = E[Xy)2 ,; E[X2] E[y2] = P{y" OJ E[y2] , 

= (! - P{Y = OJ) E[y2] 

so that P{Y = OJ ,; (E[y2] - E[Y)2) / E[y2]. If Y is a non-negative random variable then we can 

write 

P{Y> OJ = 1 - P{Y = OJ 2! E[Y]2 /E[y2] . 

t Shepp auributes the basic idea to P. Billard (1965). 
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In section 4 this result is used to find an asymptotic lower bound for the expectation of a non-negative 

random variable. 

2.5.4 Kolmogorov-Smirnov Statistics - If X t • X 2 •...• X. are i.i.d. samples from a continuous 

distribution F. then the sample distribution junction F .(x) is simply the fraction of the X,'s no larger 

than x. The one-sided Kolmogorov-Smirnov statistic is defined as D: = sup (F.(x)-F(x» and is 
x 

known to be equal in distribution to max [1. -U <ill . where the U (j) are the order statistics of n 
IS,S" f1 

independent samples from U(O.I). The Smirnov estimate (Durbin (1973» is given by 

(2.8) P{D: S 2....} = 1- e- h
' [l-~ + O(..!..») . ..r;; 3..r;; n 

In applications. the inequality D: S d can occasionally be transformed directly into a corresponding 

bound on a given performance measure. For example. the relative performance of list scheduling. with 

items X, ..... X. drawn from U(O.I). can be analyzed in this way. as shown by Bruno and Downey 

(1986). D: S d means that"!" - X (i) S d for all i. lSi S n. so a summation on i yields 
n 

• n + I _ nd ~X, 2: 
i=! 

2 . 

Substituting into (2.6) then gives 

RLS (L •• m) " 
2(m-l) I 

n 1-2d . 

Then the estimate (2.8) can be used to bound the distribution of RLS(L •• m). Similar applications of 

Kolrnogorov-Smirnov statistics to bin packing were studied by Bruno and Downey (1985) and KnOdel 

(1981); an application to two-dimensional packing was presented by Coffman and Shor (1988). 

2.5.5 Matching problems - In a problem called maximum up-right matching. n points in the unit 

square are chosen randomly (each coordinate is independently a uniform draw from [0.1)). By a 

sequence of Bernoulli trails. each is designated as a plus or a minus with probability 1/2. The plus 

points are then matched with minus points in such a way that matched minuses are above and to the 
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right of their corresponding pluses, and the numbcr of points so matched is maximum. The expected 

number, U(n), of unmatched points is the object of the analysis. 

Karp, Luby, and Marchetti-Spaccamela (1984) discovcred the applicability of this problem to the 

analysis of packing algorithms. Their results were tightened recently by Leighton and Shor (1986) to 

the point that a precise asymptotic statement can be made, viz. U(n) = e ({; (log n)314). (An 

intimately related class of problems, called discrepancy problems, had received considerable attention 

from mathematicians; a brief history appears in Leighton and Shor (1986).) As shown in section 5, this 

and very similar problems have arisen in one-dimensional bin packing. Yet another application can be 

found in an analysis by Coffman and Leighton (1986) of dynamic packing. 

3. Illustrations from Multiprocessor Scheduling 

In the preceding section we were exposed to the simplest scheduling heuristic, LS, in which the 

probabilistic analysis of scheduling originated. The relative error has been studied by Boxma (1985), 

Coffman and Gilbert (1985), and Frenk and Rinnooy Kan (1985a), employing various ad hoc techniques, 

some of which we have already illustrated in section 2. The results confirm that for fixed m the 

expected relative error of LS tends to 0 as n ->~. However, for the absolute error 

(3.1) A'-' (L. ,m) = LS(L. ,m) - OPT(L. ,m) , 

this is not the case. More difficult probabilistic analyses have concerned superior heuristics, H, for 

which AH (L. ,m) -> 0 as n -> ~ with m fixed. Such a heuristic is the largest-processing-time first 

(LPT) rule. 

The LPT rule is simply list scheduling where, however, the tasks are drawn from the list in order of 

non-increasing Xi, i.e. the tasks are assigned in the order X(.) <!X(.-l) <! ... <!X(l)' Intuitively, this 

means that the smaller tasks assigned later can be used to patch up the differences between the 

workloads of the processors. One expects this rule to do much better, and indeed, as shown later, its 

absolute error tends to 0 as n -> ~ under very mild conditions on the distribution of the X/so 

The bounds of (2.1) and (2.2) are not strong enough to lead to the desired results. A number of 

authors, e.g. Loulou (1984), have found that tighter bounds can be obtained by looking directly at the 
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idle time of the processors; although various notation was used. here we cast all of these results in terms 

of the average idle time DLFf (L • . m). which is the average over all processors of the difference 

between its workload and the makespan; more precisely. we define DlJ'T (L • • m) by 

(3 .2) 
1 n LPT 

LPT(L • • m) = - L Xi + D (L • • m) • 
m ;:::\ 

so that from (2.1) we clearly have 

(3.3) A LPT ( L • • m) "DlJ'T (L • • m) . 

We outline below an analysis of Coffman. Flatto. and Lueker (1984). which exploits the relation 

between the uniform distribution and the Poisson process. to obtain tight bounds on A LFf (L • • m) from 

(3.3). when the Xi are i.i.d. from U(O.I) . 

Let X,. X 2 .". be the successive epochs of a Poisson process with parameter I ; i.e. 

X i +, - Xi. i = 0.1.2 •.. .• with Xo = O. are i.i .d. random variables having an exponential distribution 

with mean 1. Let D be the average idle time within the LPT schedule of n tasks whose order statistics 

are given by the first n epochs X, ..... X.. By our observations in section 2.5.2 it is easy to verify 

that E[D LPT (L • • m)] = E[D] /(n+ I). The remainder of the analys is then shows that E[D] "e m m. 

where em is a bounded function of m that approaches I as m ..... ~. 

First. we need the following combinatorial result. which can be proved by an induction argument. 

. . l:. 
Lemma. Let 0 < a < ~ be defined so that ai < Xi < ~i. m" i" n. Then D" (m-I). 

a 

By an analysis like that leading to (2.4). we can easily show that P{Xi "ai} " [u(a)]' . and 

P{X, ~ ~i}:!> [U(~)]i. where u(x) = xe'-x. (This is also a special case of a more general result of 

Chernoff (1952. Theorem I).) Note that as x increases. u(x) increases monotonically from 0 to its 

maximum of u(l) = I. and then decreases monotonically thereafter. Thus. to each u E [0.1) there 

correspond two values of x. to be denoted a ( u) and ~(u) with a(u) "~(u). which are the functions 

inverse to u(x); at u = I the two functions coincide. a(l) = ~(I) = 1. Hence. if we let 

~ = min u(Xi / i ). then the distribution G of ~ satisfies 
mSJ S " 
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G(x) = P{~:;; x} 

= P{3i e {m. m+ I •...• n}: Xi:;; ex(x)i or Xi" P(x)i} 

(3.4) 
,. . 2xm. 

<2 '" '< - ... x - -1-- ' 
. - X 
I=m 

Then invoking the lemma we have 

(3.5) E{D) :;; (m - I) l' p2«X)) dG(x) . 
o ex x 

A detailed analysis of the integral in (3.5). using the bound on G in (3.4) . then leads to the desired 

result: 

Theorem. [Coffman. Flalto and Lueker (1984)J. If F(x ) is U(O.I) then 

E[DLP/' (L • • m)) :;; em ml (n + 1). where em is bounded and lim em = 1. 
m~M 

An analysis of DLP/' (L • • m) also appears in the work of Frenk and Rinnooy Kan (1985). who 

noted. as did Loulou (1984). that 

(3.6) 

This amounts to a powerful tool. For instance. let us assume that F is suictly increasing in (0.0) for 

some 0 > O. and E[X;] < 00. Bounding the right hand side of (3.6) by 

L'"J 
(3.7) X<l,"J, + max {X(. , - L X(.,. OJ. 0 < e < 0, 

k=1 

we observe that the first term in (3.7) converges almost surely (a.s.) to F- 1 (e) as n .... 00. and can be 

made arbitrarily small by an appropriate choice of e (see [Serfling(1980)). for example). Also. 

L'·J 
X(.,tn .... 0 (a.s.) as n .... 00 (since E[X I) < 00). and L X(., l n converges (a.s.) to a positive constant as 

'-1 
n .... 00 for every e > O. Thus. the first (erm within the maximization in (3.7) (ends to - 00 (a.s.). and 

we have the result, ALP/' (L. ,m) .... 0 (a.s.). under very general conditions on F(x). 

Rinnooy Kan and Frenk (1986) also illustrate how precise rates of convergence can be established 

for specific choices of F(x). (See also [Frenk and Rinnooy Kan (1985)].) Consider. for example. (he 
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following class of distribution functions: 

(3.8) 

1
0, x < ° 

F(x) = xa , O';;x';; 1 

1, x > 1, 

where ° < a < aa. We can now use the fac t that X (k ) is distributed as (V.,.) I/a, where V.,. is the k-th 

order statistic of n independent random variables from V(O,I). The probability that the maximum in 

(3.6) is attained at i = n can be bounded by e- '" for some constant c > 0, so that 

(3.9) E [[ max {VII: - J... ±. vt~ }l Pl. 
I SIS ... -l m .t=l 

We condition on the value of the largest order statistic in order to bound the second !enn by 

E E[[ max {Vf l: - J... ±. v:;~}lP I v."l = 
lSISII-l m k=l 

E U~~: E 

1 [ 
V · ]l /a 

1:11 
max --

I s;is;II-1 Un :,. 

P 

[ 
V,,"]l /a) 
U II :n 

I V.,. 

We now use the fact that VhIV.,. is distributed as V.,._I independently of V.", and the fact that 

E[U~~:l = nl(n + p i a), to obtain the recurrence 

(3.10) ErDlPT (L. ,m)p]';; e- '" + n E rDLPr (L._ I ,m)p] . L n + pi a L 

If we define g. = (n+I)pla E[D LPr (L., m)P] , then (3.10) implies that g. is bounded by a constant 

and we have 

Theorem {Rinnooy Kan and Frenk (1986)J. If F(x) = xa
, 0,;; x ,;; 1, for some ° < a < aa, then 
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A heuristic with an even faster rate of convergence to optimality has been obtained as an adaptation 

of a heuristic for the set-partitioning problem dertned in the next section. 

4. A Related Set Partitioning Problem 

We assume the same problem instances (L. ,m) as in the makespan problem. However, the 

problem is now to find a partition of L. into m blocks such that the difference between the maximum 

and minimum block sums is minimum over all such partitions. Note that for the special case m : 2 an 

optimal partition for our new problem, to be denoted SP, is an optimal schedule for the makespan 

problem. Moreover, for any m " 2 one expects that a good heuristic for the SP problem will be a good 

heuristic for makespan scheduling. Indeed, the differencing methods of Karmarkar and Karp (1982) for 

SP provide heuristics for the makespan problem which greatly improve on the asymptotic behavior of 

those described in the previous section. In this section we first study the analysis of one of these 

heuristics. We then consider the analysis of the behavior of optimal solutions. 

4.1 Differencing Methods 

These methods can best be explained for the case m : 2, although they can be extended to arbitrary 

values of m so as to yield similar asymptotic behavior. For the remainder of this subsection we restrict 

ourselves to m : 2; this is sufficient to cover the main points of the asymptotic analysis. 

If X and Y are two elements in some list, let us use the phrase "differencing X and Y" to mean 

replacing X and Y by IX - YI. A key observation of the set differencing method is that differencing X 

and Y is equivalent to making the decision that they will go into opposite blocks. Thus if we iterate this 

operation until we have reduced the set to a single value, we have effectively produced a partition with 

that value as its block-sum difference. It is not hard to reconstruct this partition by working back 

through the differencing operations that were performed. For example, let L~) denote the set following 

the ith differencing operation (L~O) : L.). Suppose X and Y in L~-I) were differenced in forming L~). 

Then to obtain the solution (partition) for L~-I) from the solution for L~), we simply remove the 
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element IX - YI from the partition for L~ ) , and then append X and Y in the obvious way that preserves 

the block-sum difference of the partition for L~) 

Various algorithms are obtained by choosing different methods for selecting the items to difference. 

For example, define the pairing differencing method, PDM, as follows. Order the items largest to 

smallest; pair the largest two, the third and fo urth largest, etc., possibly leaving the smallest item 

unpaired; then difference each pair. Iterate this process on sets of differences until only one difference 

remains. A second possibility, which we call LDM for largest differencing method, is as follows. Pick 

the largest two items and difference them; iterate until a single value remains. At first, PDM is quite 

appeal ing, and one might expect it to yield a final difference of n -0 (log') by the following heuristic 

argument It is clear that there are El(logn) iterations before PDM halts, and in the first half of the 

iterations there will be O,(..r;;) items present, so by differencing pairs we hope to achieve a reduction by 

a factor of ..r;; or more in the typical sizes of the items remaining. Curiously, this intuition is far from 

correct; it can be shown, as empirically observed by Karp (private communication, 1985), that the 

expected size of the last difference is El (n- I ) [Lueker (1986)]; the method of proof relies heavily on 

properties of the Poisson process (see 2.5.2). The behavior of LDM is apparently still open. Note that 

the distribution of the remaining items becomes conditioned in a complicated way as the algorithm 

proceeds. 

These difficulties are avoided by Karmarkar and Karp (1982), who introduce another algorithm DM' 

that is easier to analyze. DM' to some extent uses the approach of PDM, where paired numbers are 

usually close in size. However, by a certa in randomization of pair selection, a simplified inductive 

relationship between S; and S; + I can be proved. A strong result can then be obtained, under the 

assumption that the density f(x) of the X;'s sa tisfies the following smoothness (Lipschitz) 

condition: There exists a ~ > ° such that for all x and y in [0,1], If(x) - f(y) I s ~ Ix- yl . 

Theorem [Karmarlcar and Karp (1982)}. There exists a c > ° such that with a probability that tends to 

1 as n ~~, the difference in block sums for the DM' partition satisfies DM' (L. ,2) S; n- dog •• 

After a description of DM' we highlight the proof of this theorem. DM' is organized into phases 
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patterned after those of PDM. The input to the i"' phase is a set S'_I of numbers in an interval 

[0, a'_I]' where So = L. and ao = 1. The i'" phase begins by subdividing the interval [0, a'_I] into 

subintervals of length a " where the number a'_l /a, of subintervals is some fraction 11K of IS'_II . 

\We return later to the general criterion for choosing Ihe cons"'" t K.) 

Wilhin each subinterval, pairs of values are selected at random until there remains at most one value 

(the odd value, if one exists). The absolute difference of each pair is placed in a set S;. (Note that all 

differences in S; are in [0, aol.) After all subintervals have been processed in this way, the algorithm 

then applies LDM to the set C of odd values that remain , if C '" 0, to obtain a value d. The value d is 

then added to S; to form the set S,. If d" a, then the i"' phase terminates, Otherwise, the largest 

value in S, (initially tf) is iteratively differenced against randomly chosen elements in S, until all values 

are in [0, aol, at which point the i'" phase terminates. After the last phase, when a single number 

remains, the DM' partition of L. is constructed by a simple backtracking procedure similar to the one 

mentioned above. 

A primary objective of the analysis is a proof that for each i the numbers within each subinterval of 

[0, aol are statistically independent and approximately uniformly distributed. In Figure 4.1 we note 

how a distribution which is nearly uniform can be converted to a distribution which is exactly uniform 

by rejecting a small number of the sample points. This " resampling," while not a part of the DM' 

algorithm itself, plays a key role in the analysis; the details of the argument are well beyond the scope 

of this paper. 

4.2 On the optimal solution to SP 

The preceding results leave open a number of interesting questions, e.g. 

1. Can a polynomial-time algorithm achieve a difference of O(e- a.), for some positive a, in 

expectation or at least with high probability? 

2. What is the behavior of the true optimum? 

While the first question remains open, an interesting analysis for m = 2 has been worked out for the 

second by Karmarkar et al (1 986) . (There, certain assumptions are made about the distribution of the 
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variables X;. In this discussion we ignore all such concerns, and concentrate on explaining the key ideas 

used in the analysis.) Since we are considering on ly the case in which variables are partitioned into two 

blocks, a partition is determined by its first block. Let sil denote the family of all subsets of 

N = { 1,2, ... , n }. Then the set of partitions is {(A,A) : A E sil}; note that, in this way of counting 

partitions, we consider (A ,A) and (A,A ) to be distinct. Say a partition is even if IAI = IAl i.e., if 

IA I = n12; we let sil, be {A E sil : (A ,.4) is even}. Karmarkar et al (1986) consider the minimum 

difference achievable, both when the partition is restricted to be even and when it is unrestricted. For 

brevity, we discuss only the case of even partitions. 

Given n i.i .d. variables X I , X 2 , ••• , X" and some bound e > 0, let 

(4.1) 

i.e., Y. is a random variable denoting the number of even partitions that achieve a difference of e or 

less. We investigate P {Y. > O} by deriving upper and lower bounds. For simplicity assume that the 

variance 0'2 of each X; is 1, and for technical reasons we assume that e S; n 2 2-'. 

An upper bound is rather straightforward. For any nonnegative integer-valued random variable we 

have the simple bound PlY. > OJ s; E[Y.l. In fact, in the present case, the values assumed by Y. are 

always multiples of 2, so we can write P {Y. > O} S; E[Y.l/2. The expectation of Y. is easily 

calculated; we have 

E[Y.l =E[I{AE sil,: 1,2: X; - .L_X; I s;e}1 
IsA H I A. J 

= L p{ I. LX; - L_ X doSe} 
A 6l $11. , I EI A i Ii! A. 

(4.2) = Isil,1 f' g,./2(x) dx = [ n 1 f' g''''2 (x) dx, 
-£ nl 2 - £ 

where g is the density of the difference of two independent random variables distributed as the X;, and 

g"" is the density of the sum of nl2 independent random variables with density g. The density g''''2 

is easily estimated using the strengthened form of the central limit theorem appearing in [Feller (1971), 
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Chapter XVI.2, Theorem 2]; using this estimate in (4.2), one obtains 

Thus 

(4.3) 

E[Y,] 
2t1 + 1 e 

= -- ( I + O(n - I )). 
1tn 

PlY, > O} $ 2'e (I + O(n-I)) , 
1tn 

and hence, we are unlikely to find a partition with e much smaller than 1tn2-'. 

By means of a suitable lower bound for P {Y, > O}. we would also like to be able to show that 

good partitions are likely to occur. Unfortunately, the expectation of Y, does not in itself provide much 

help. (It is easy to construct an example of a random variable that is extremely unlikely to be greater 

than 0, even though its expectation is much greater than 1. For example, let Y be 1000000 with 

probability 0.0001, and 0 otherwise.) However, using the second moment method described in section 

2.5.3, we can provide a bound if we also know E[Y~]. From section 2.5.3 we have 

(4.4) 
E[Y,]2 

PlY, > O} ~ E[Y~] 

so we can show that Y, is likely to be nonzero by showing that E[Y~] is close to E[Y,]2. 

At first, it might seem that the calculation of the second moment of Y, would be much more 

difficult than the calculation of the first moment. However, a standard method is available. For any 

A E -<>4" let Z(A) be a random variable having the value I if the inequality in (4.1) holds and 0 

otherwise. Then since Y, = L Z(A), we have 
Ae .sf, 

E[~] = E [~ Z(A) L Z(B)] = ~ L E[Z(A)Z(B)] . 
A 6 st, Be .si, A e 31, Be SIf, 

One may again use the central limit theorem to estimate E[Z(A)Z(B)] as a function of nand IA f"'I BI. 

After a somewhat tedious computation, one obtains from (4.4) 

(4.5) z re 
P{Y, > O} ~ -1- (1 + O(n- I », where z = - . 

+ z 1tn 

Combining (4.3) and (4.5), we see that the median value of the best partition difference is Ei(nI2'). 
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Note, however, that because of the O(n- 1
) term , (4 .5) does not yield interesting information about the 

expectation of the best difference. To our knowledge the question of whether the expectation is 

O(e- an) for some a> 0 remains open. 

5. Illustrations from One· Dimensional Bin Packing 

We described in sections 2.3 and 2.4 the next-fit and first-fit heuristics. In addition, the best-fit (BF 

and BFD) heuristics have been analyzed within sim ilar probabili ty models. The best-fit heuristic, like 

FF, improves on the next-fit rule by trying all non-empty bins before starting a new bin. Specifically, 

BF packs X; into a bin which leaves the smallest gap leftover (with ties resolved in favor of the lower 

indexed bins). 

NF. FF and BF are termed on-line because they pack items sequentially with no pre-processing of 

the list. The generally superior algorithms NFD, FFD and BFD are termed off-line. since an initial 

sorting of the list is implied. Following a discussion of the analysis of optimum solutions, the next 

three sub-sections deal with the analysis of several of the above heuristics. 

5.1 Optimal solutions 

5.1.1. Basic algorithms and bounds. One of the first questions posed by average-case analyses of 

bin-packing was the determination of the space wasted by the optimum, and by heuristics such as FFD 

and BFD. assuming that each element of Ln is distributed uniformly over [0,1). A simulation study by 

Bentley and Faust (1980) led him to conjecture that the wasted space under OPT was only e(-r;;) in 

expectation. To prove this result formally, it is convenient to introduce the following procedure. called 

P A1RMA TCH: Each iteration of the procedure begins by selecting the largest unpacked item. Letting 

a denote the item selected, a search is then made for a largest remaining unpacked item b such that 

a + b ,;; 1. If no such b is found a is packed into a bin by itself. Otherwise, a and b are packed 

together into a bin. Iterations continue until no unpacked items remain. 

This or a related algorithm was considered by Frederickson (1980). Knodel (1981). and Lueker 

(1982). Probably the most elegant analysis is that of Karp (1982), who reduced the problem to finding 

estimates of the excesses of heads over tails in a sequence of coin flips. This analysis is described 
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below. 

Let PAIRMATCH(L,) be the number of bins used. Call a bin a singleton if it contains only a single 

item, and let b I be the number of such bins. Since each bin in the packing produced by the algorithm 

contains either 1 or 2 items, it is clear that 

(5.1) 
n + b l 

PAJRMATCH(L,) ~ 2 

Call an item big if it is larger than 112, and small otherwise. Call the singleton bins big or small 

according to the size of their item. Since it is clear that only one bin can be a small singleton, all that 

remains is to bound the number of big singletons. To do this, we plot points on the interval [0,112] as 

follows. For each small item x, plot a e at x. For each big item x, plot a <:B at 1 - x. By the excess at 

a point z on the interval we mean the number of <:B's in [O,z] minus the number of e's in [O,z] . It is 

not hard to see that an item corresponding to a <:B can be packed only with an item corresponding to a 

e to its left, so the number of big singletons will simply be the maximum excess at any point on 

[0,112]. Since all sequences of <:B's and e's are equally likely, the number of big singletons is 

distributed just as the maximum excess of the number of heads over tails at any point in a sequence of n 

flips of a fair coin. By an application of (2.7), a calculation shows that E[b l ] ~ 6('{;;)t, so by (5.1) 

we have the result 

Theorem. If n items drawn from a uniform distribution over [0,11 are packed by algorithm 

PAIRMATCH, then the expected wasted space is E[PAJRMATCH(L,)] - I ~ 6 (..In). 

A simple argument establishes that this resul t is optimal up to constant factors on the amount of 

wasted space [Lueker (1982)]. Let N be a random variable denoting the number of items whose size 

exceeds 112; clearly no two of these can be in the same bin, so OPT(L,) ~ N. Let T be a random 

variable denoting the total of the item sizes; since each bin has capacity I , OPT(L,) ~ T. Now for any 

two random variables Y and Z, not necessarily independent, 

t For a more detailed analysis of E[b, J, see Csirik el al (1986b). 
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P{max(Y,Z) ';;x}';; min (P{ Y';;x},P{Z';;x}). 

Thus 

P{OPT(L.) ';;x}';; min(P{N';;x},P{T';;x}). 

Exploiting this bound, a calculation establishes that the expectation is at least nl2 + D.(rn). Thus, 

together with the preceding theorem, we have the result: 

Theorem. For item sizes drawn from U(O,), E[OPT(L.)] - ; = 8(rn). 

5.1.2. Perfect packings. The uniform distribution that we have been assuming is a very special case, 

of course. Interesting analyses of optimal behavior under more general assumptions have also appeared . 

Suppose the values in L. are i.i.d. with the density function J. Define the optimum packing ratio for f to 

be 

lim 
.~-

E[OPT(L.)] 

ELE7=1 X;l 

Say that f allows a perfect packing if its optimum packing ratio is 1. Since the uniform distribution 

U(a,b) is of special interest, following Karmarkar (1982) we say that the interval [a,b] allows a perfect 

packing if a distribution uniform over that interval does. A question posed by Karmarkar is: Which 

intervals allow perfect packings? 

Consider first the case a = 0, i.e., the distribution U(O,b). In this case a perfect packing is always 

possible; in fact one can prove an even stronger result. 

Theorem. Let f be a nonincreasing density function over {O'] J. Then f allows a perfect packing 

{Knodel (1981), KarT1Ulrkar (1982), Loulou (1984)]. In addition {Karp (1982)J, 

E[OPT(L.)] - Eci: X;l = O(rn) . 
j=-\ 

(Here we ignore conditions of "niceness" of the density function, such as continuity or differentiability.) 

To sketch the proof, first note that the argument above, which shows that the expected wasted space 
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in a packing of items drawn from the uniform distribu tion is 8(,Jn) , trivially generalizes to any 

distribution with a density function symmetric about 112. Next, we see that any decreasing function I 

can be decomposed into a series of distributions symmetric about inverse powers of 2. Let 

hI (x) = {/O - x) forx E [O,li2] 
I(x) forxE [li2,1 ) , 

and g (x) = I(x) - hI (x); note that hI (x) is symmetric, and g(x) is decreasing over [0 , 112) and 0 on 

[1 12 , 1). Iterating, we may express I as I(x) = I: h,(x), where h, is symmetric about 2-'. By 
.1:=1 

scaling, we can write I(x) = I: pd,(x), where p, and /; are chosen so that h, = pd, and /; is a 
k=1 

density function. Hence, the process of generating the X i may be viewed as taking place in two 

steps: Firs~ a value of k, called the type of Xi, is selected according to the distribution {p.J . Then the 

value of X i is selected according to the density /;. An efficient packing can now be generated as 

follows. Pack the items of type k, for each k, into sub-bins of size 2-<+ I; the results above and a bit of 

analysis establish that the total wasted space in al l of these packings is O(,Jn). Next, pack al l of the 

sub-bins into unit bins using, say, FFD. Since all of the sub-bins have sizes that are inverse powers of 

2, the additional wasted space introduced in this step is less than l. • 

Further results of this type were derived by Lueker (1983). For example, consider the problem with 

intervals [a,b ) symmetric about l ip, for integral p. For even p, say p = 2k, it was already known that 

[a ,b) allowed a perfect packing; this is easily achieved by first packing the items into sub-bins of size 

I I k. For odd p the problem is more difficulL Lueker's method of proof involves the use of a bound 

that usually holds. which we mentioned in section 2.4. The interval [a.b] is partitioned into a large 

number of buckets. and it is observed that with high probability the number of items in each bucket is 

close to its expected value. The buckets are then partitioned in such a way that for any block of the 

partition. any set of items chosen with one from each bucket of the block would fit together in a bin. 

The probabilistic problem is thereby reduced to the combinatorial one of packing these buckets. With 

this approach. one can prove the following 
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Theorem. If [a,bl is contained in [0,11 and symmetric about 1., fo r integer p , then [a,bl allows a 
p 

perfect packing. 

Finally, we consider the analysis for general [a,b]. The key idea is the following simple lower 

bound. Say that a function u: [0, I] ---> [0 , I ] is dual feasible if for all finite sequences 

Xl, X2 •... , Xl of positive reals, 

, , 
L Xi " I implies :E U(Xi) " I . 
i = l i=1 

Lemma. If u is dual feasible, then the optimum packing ratio fo r independent samples of a random 

variable X is at least E[u(X)] IE[X]. 

Proof. By the definition of dual feasible, if we sum the images under u of the items packed into any 

bin, then we must obtain a value of at most 1. Thus the sum of the images under u of all the items 

provides a lower bound on the number of bins used. Taking expectations gives the lemma. _ 

We remark that the function W defined in Johnson, et al (1974) made use of these notions in a 

worst-case analysis. 

A problem that arises, of course, is that of finding good choices for the function u. The identity 

function provides a trivial example of a dual feasible function, but it provides a trivial lower bound. It 

turns out that the best choice of u depends on the interval in question; computer solutions of various 

examples were used to guide the selection of u in [Lueker (1983)]. More recent work of Rhee and 

Talagrand (1986a) completes the characterization of intervals that allow perfect packing. 

The lemma used above is motivated by the duality theory of linear programming, and one might 

therefore suspect that a converse to it could be proved. This is more difficult than one might expect, 

because we are dealing with continuous distributions, so the duality theorem of linear programming does 

not seem to apply directly. Rhee and Talagrand (l986b) have, however, been able to prove the 

following difficult result 

Theorem {Rltee and Talagrand (1986b)J. If the optimum packing ratio is greater than some value p, 
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then there exists a continuous dualjeasiblejunction u such that E [u(X)]/E[X] > p. 

5.2 Off·line heuristics 

We turn now to the analysis of the FFD and BFD heuristics. A technique used by Frederickson 

(1980) and Lueker (1982), at the suggestion of D. S. Johnson, is an illustration of the method of a 

dominating algorithm. In particular, it can be shown that PAIRMATCH dominates both FFD and BFD. 

The following theorem is a trivial consequence of this combinatorial result, whose proof we omit, and 

the PAmMATCH result in section S.I.1. 

Theorem. For item sizes drawnjrom U(O, I ), we have 

E[FFD(L.)] - 'i = E>C{;) , E[BFD(L.)] - 'i = E>({;;) . 

Since FFD and BFD use small items to fill gaps left by larger items, it is natural to expect a 

substantial drop in the average wasted space if the uniform distribution is assumed to extend only over 

[O,a ] for some a ,;; t. Indeed, Bentley et al (1984) showed that expected wasted space under FFD with 

a ,;; 1/2 is bounded by a constant independent of n. The proof amounted to an analysis of order 

statistics and their relation to the structure of FFD packings. The analysis is too involved to present 

here, but we can illustrate informally the nature of their approach. Define a regular item in an FFD 

packing as an item which, at its time of packing, ei ther starts a new bin or is placed in the highest 

indexed (last) non-empty bin. The remaining items are called jallback items for obvious reasons. 

Bentley et al effectively show that if the gap left over by the regular items in a bin B i falls in the 

interval between the ph and (j + 1)" order statistics, X (j) and X (j+ I ) , then with high probability for all n 

sufficiently large, the first fallback item packed in B i is an order statistic X (I), where j - I is bounded by 

a constant independent of n. 

Among other reSUlts, Bentley et al showed that the average wasted space as a function of n exhibits 

unexpected discontinuities at a = 112 and a = I. 

Theorem. (Bentley et 01 (1984)]. Let U(O,a) be the item-size distribution. Then 
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E[FFD(L,) - L X;l = e(l) if as; 1/2 and e(n 113) if 112 < a < 1. (We saw earlier Ihal lhe 

average wasled space under FFD is e(n l12) when a = 1.)1 

Floyd and Karp (1986) recently devised a proof based on queueing theory that provides a constant 

upper bound (about 9.4) for the case a S; 112, which is several orders of magnitude smaller than that 

implied by the analysis of Bentley et al (1984). Their approach also furnishes a simple heuristic 

explanation of the discontinuity at 1/2. The analysis is based on a dominating modification of FFD, 

called MFFD, which limits the fallback items to at most one per bin. Also, they assume that the 

problem instance is taken as the set of renewal points in [0, 112] of a Poisson process with rate n (see 

section 2.5 .2). Thus, the distances between adjacent item sizes are i.i.d. exponential random variables 

with mean values 11 n. 

We describe MFFD in terms of a right-to-left scan of the item sizes in [0, 112] which generates a 

sample function from a FIFO queueing process. The FIFO queue, Q, used by MFFD is initially empty; 

later in the scan, Q contains the sizes of gaps in partially packed bins that are waiting for fallback items 

(the scan has yet to encounter items small enough to fit into the gaps represented in Q). These gaps are 

the arrivals of the queueing process; departure times correspond to item sizes. A gap at g in [0, 1/2] is 

an arrival at time I I2-g. Similarly, an item size x in [0, 112] is a depanure at time 1I2 -x. 

Suppose that at some point in the scan MFFD encounters an item size x at time 112-x. If Q is 

empty, then the corresponding item is packed into the highest indexed, non-empty bin, say B j' if it fits . 

If it does not fit then it starts the new bin, B j+ I ' and the current gap gj in B j generates an arrival at time 

112 - g i > 112 - x. If Q is not empty when MFFD encounters the item size x, then the item is placed 

into the bin whose gap gi > x, i < j, appears at the head of Q, whereupon gi is removed from Q. 

Finally, whenever MFFD encounters an arrival (gap generated earlier), the corresponding gap size is 

simply appended to Q. 

The queueing process q(l) is the number of customers (gaps) in Q at time I (when the scan of item 

t The 8( .. "') result appears in a paper in preparation, which is based on (Bentley et aI. (1984») and carries the same authon . 
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and gap sizes is at ; - I). The SOjOW11 time (or lime spent in Q) of a gap g is I-x-(I-g)=g-x if 

an item of size x < g is placed into g; the sojourn time is simply g if no item is ever placed into g. The 

sojourn time of a gap g corresponding to B i is clearly equal to the gap of unused space remaining in B i 

at the end of the scan (packing process). Thus, the cumulative wasted space in the packing up to but 

not including the last bin is simply the sum of all the sojourn times. Note that our interest in q(l) can 

be restricted to 1/6 $ 1 $ 1/2, since no gap exceeding 1/3 is ever created, i.e. q(l) = ° for all 

0$1$1 /6. 

Note that the area under q(t) can be interpreted in two ways. First, it is the sum of the gaps in all 

bins at the end of the scan, by the remarks of the previous paragraph. But also, of course, it is simply 

1/3 times the average value of q(t) over 1 E [1 /6, 112]. Thus, if the queueing process is stable, and 

hence E[q(I)] is bounded by some absolute constant, then the expected wasted space is bounded by a 

constant. To estimate the stability of q(l) we now give a heuristic analysis of the arrival process, 

By the probability model, the expected number of items in (k; I ' !] is n/(k(k+ I». These items 

are packed k per bin, and each such bin creates a gap in (0, -k I ]. Thus, the expected number of gaps 
+1 

I 1 1 
created in (0, k+l] by the scan of (k+1 ''k] is n/(k 2 (k+I». Now suppose these gaps are 

1 
distributed uniformly over the interval (0, k + I]' so that their density over any subinterval of 

(0, k;l] is nlk 2
. Then in the time interval corresponding to (k;2' k;I]' k~2, the total arrival 

1 I 
rate of customer-gaps originating from the scan of ('3'"2] I I 

( k + 1 ''k] is simply 

• 
~ nip" 0.6Sn. Since this is exceeded by the maximum departure rate n, we have strong reason to 
j=2 

N 
believe that q(l) is stable throughout [0,112], and hence E[MFFD(L.) - ~ X;l = 0(1). 

i",l 

But notice what happens when we extend the model in the obvious way to items at density n over 

(O,a] for a > 1/2. Since the items in [ 1/2 , a] are packed one to a bin, the arrival rate of customer-

gaps throughout the time interval corresponding to [I - a, ;) is at least the maximum service rate n. 
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Thus, q(t) is unstable in [I-a , t ) and E[MFFD (LN) - f X,J becomes an increasing function of n. 
i =l 

The major difficulty in making the above argument rigorous and in calculating tight bounds on 

expected wasted space is the nature of the arrival process; interarrival times are not independent and 

their distributions vary with time. In the approach of Floyd and Karp the queueing process is partitioned 

into independent component processes, each corresponding to the packing of bins with regular items 

from a different interval ( k! 1 ,t]· MFFD has to be further modified, but dominance over FFD is 

preserved. The total sojourn times of component queues are bounded separately and then summed. The 

final result is 

Theorem. (Floyd and Karp (1 986)/. With L N given by the renewal points in [0, 1/2] of a Poisson 

N 
process at rate n , we have E[FFD(L N) - :E X,J ,;; 9.4. 

i=1 

5.3 On-line packing 

We begin with an analysis of BF. Results for NF have used different mathematical techniques, so 

they are deferred to the next sub-section. 

Shor (1984) was able to use the notion of up-right matching (see section 2.5.5) to produce a Slrong 

upper bound on the expected wasted space in a BF packing. 

Theorem (Shar (1984), Leighton and Shor (1986)/. For n i.i.d. items from U(O,I), BF achieves a 

packing with expected wasted space 8("I/n (log n)3/4). 

The proof by Shor (1984) begins by using the dominating algorithm technique discussed in 

section 2.3. Shor defines MBF (matching best fit) to be a variation of BF which considers a bin full 

whenever it contains an item of size less than 1/2. He is able to prove that MBF always uses at least as 

many bins as BF. (As he points out, a similar result and proof for FF were used in Bentley et aI 

(1984).) 

Now suppose that we plot points on a square as follows . The vertical dimension of the square 

corresponds to the index of the item, with larger indices appearing lower in the square, while the 
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horizontal dimension is just the size of the item. We plot a I;EI for items greater than 1/2, and a e for 

items less than 1/2. Next, we fold the square in half about a vertical line; equivalently, we can think of 

plotting points X i greater than 1/2 at 1 - Xi. 

We now match the points corresponding to items placed into the same bin by MBF. Note that MBF 

always packs an item of size greater than 1/2 into a new bin, and packs an item of size less than 1/2 

into the bin containing a single item of size at least 1/2 and having the least unused capacity, provided 

such a bin exists. In terms of the points we have plotted, this means that the corresponding matching 

can be produced by scanning the e points from top to bottom, matching each e with the leftmost 

unmatched I;EI which is above it (has a lower index) and to its right (and therefore fits together with it in 

a bin). 

By results in [Karp et al (1984)], the above algorithm always produces a maximum up-right 

matching; as indicated in section 2.5.5 such a matching has 0(";-;; (log314 n)) unmatched points on the 

average [Leighton and Shor (1986)]. We omit Shor's proof that n(";-;; (log314 n)) is also a lower 

bound on the number of bins used. _ 

Shor also establishes that the expected wasted space under First-Fit is n(n 213) and 

O(n'13 (log n)ll2) when packing n items drawn uniformly from [0,1]. The upper bound again uses the 

notion of two-dimensional matching. The proofs are not presented here. 

Surprisingly, there is an on-line packing algorithm that achieves only 9(";-;;) wasted space [Sher 

(1984)]. This algorithm packs the first half of the items into separate bins, puts these bins in order of 

decreasing item size, and then packs the remaining items using First Fit. Observe that this simple 

algorithm is able to do well because it knows in advance the number of items to be packed. On the 

other hand BF and FF do not use any knowledge about the number of items to be packed; let us call 

such algorithms open-ended on-line algorithms. Shor has shown that it is impossible for an open-ended 

on-line algorithm to achieve 0(";-;; (log n)"2) expected wasted space; his analysis again involves an 

application of two-dimensional matching. 
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5.4 Next·Fit packing 

The simplicity of NF accounts for its being analyzed successfully within the classical theory of 

Markov chains. Because of the relatively familiar setting of the analysis. the details are omitted here in 

order to accommodate space constraints. 

For the analysis of NF it is convenient to define L = (X 1 • X 2 •••• ) as an unbounded sequence of i.i.d. 

random variables (items) with the distribution F(x} on [0.1]. L. then denotes the first n items of L. Let 

e, = L X denote the level of B, when B, + 1 receives it first item from L; since e, does not change 
x eBI 

thereafter. {e,. i <! I} is easily seen to be a Markov chain. Under mild conditions on F(x} . it is easily 

verified that {e,. i <! I } is ergodic and that P { e, "x} converges geometrically fast to a limiting 

distribution G(x}. 

A standard development leads to an integral equation for G(x} (see [Coffman. et al (1980)]). 

However. solutions have been obtained only for F (x) uniform on [O.a] for seme 0 < a" 1. The 

solution for a = 1 is simple and direct. For 0 < a < 1. Karmarkar (1982) showed how the selution can 

be reduced to that of a system of linear differential equations. 

A related process studied by Coffman et al (1980) is {N,. i <! I}. where N, is the number of items 

placed by NF in B ,. Although this is not a Markov chain. its analysis is equally straightforward owing 

to its simple relation to the Markov chain {W,. i <! I} . where W, is the size of the first item placed in 

B ,. Hofri (1984) has taken a similar approach in studying the chain {NF(L.} . n <! I}. This chain is 

alsc not Markov. but a generating function for the probabilities P{NF(L.} = i} is obtainable from an 

analysis of the bivariate Markov chain {NF(L.}. A.; n <! I}. where A. is the level of the bin with 

index NF(L.}. (Ong. Magazine and Wee (1984) independently obtained the first moment of this 

distribution.) 

Say a heuristic is "",n%nic if increasing the size of some of the items. or adding new items. can 

never decrease the number of bins used by the heuristic. Note that NF and OPT are monotonic. but 

FFD and BFD are not (see [Johnson (1973). Murgolo (1984)]). Let L~) denote list L. with X, removed. 

If a heuristic H is monotonic. then 
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(5.6) H(L~i») ~H (L, ) ~H(L~i ») + 1 forallL, . 

(See Dyer and Frieze (1986) for a method of proving that certain algorithms are monotonic.) Rhee and 

Talagrand (1987) show that this property and a martingale inequality can be used to bound the tail of 

the distribution of the variation from the mean, IH(L,) - E[H(L,)]I In particular, define the random 

variables 

Di = E[H(L,)IL,] - E[H(L,)ILi_d, 1 ~ i ~ n, 

where D, = E[H(L.)IL o] = E[H(L,)] and D, = H(L,). The sum of the Dis telescopes and yields 

, 
~ Di = H(L,) - E[H(L, )). Clearly, E(D i ) = 0, 1 ~ i ~ n, so the sequence D " .. . , D, 
i=! 

constitutes a rru:mingaie difference sequence. Moreover, from (5.6), it is easy to verify that 

ID d ~ 1 , 1 ~ i ~ n. We can now apply Azuma's inequality for martingale difference sequences. (This 

result can be found in [Stout (1974), Lemma 4-2-3 and Exercise 4-2-2), and it can also be obtained 

easily from the methods of Hoeffding (1963).) By this result we have 

(5.8) 

Thus, the probability that the variation from the mean exceeds a multiple of..r,; can be made as small as 

desired. 

A heuristic H enjoys the subadditive property if 

(5.9) H(L m • L,) ~ H(Lm) + H(L.) , 

where Lm . L. denotes the concatenation of Lm and L,. It can be proved that both NF and OPT have 

the sub-additive property. From the theory of sub-additive processes [Kingman (1976)) , we have 

. H (L.) 
lim --- = c almost surely. Thus, as noted by Rhee and Talagrand (1987), we can use (5.9) and 

11-+_ n 

standard arguments to obtain the stronger asymptotic result: There exists a constant c > 0 such that for 

each e > 0 and all n sufficiently large 
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6. Final Remarks 

The literature on the probabilistic analysis of algorithms has grown sharply in recent years. While 

the results are of value in themselves. perhaps the most important achievements have been in the 

development of techniques for the design and analysis of efficient algorithms. With this in mind. we 

have concentrated primarily on asymptotic methods of analysis. using various results for packing and 

partitioning problems as illustrations. However. our survey of techniques has not been exhaustive. 

Examples of some particularly interesting papers on packing problems which the reader might wish 

to pursue include the analysis of multi·dimensional packing by use of up-right matching [Karp. Luby. 

and Marchetti-Spaccamela (1984)]. the analysis of next-fit bin packing by simultaneous differential 

equations [Karmarkar (1982)]. the application of ideas from measure theory to the analysis of packing 

ratios [Rhee (1985). Rhee and Talagrand (l986a)]. and the use of Kolmogorov's inequality in bounding 

the size of the second order term in the expected number of bins used [Rhee and Talagrand (1986b)]. 

There are challenging and important open problems in the further development of the theory. 

Preceding sections show that exact results have rarely been obtained with the tools currently at our 

disposal. For example. only the median value of the optimum defined in section 4.2 could be found. 

leaving even the asymptotic behavior of the expectation open. Loss of independence emerges as a 

fundamental issue that very frequently complicates the analysis of algorithms. It is especially desirable 

to develop fresh techniques for dealing with this problem . 
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DISCUSSION 

Lecture One 

Rapporteur: Jon G Hall 

During the lecture Dr Coffman made the observation that little time was gillen 
to the teaching of probabilistic and stochastic modelling . Professor Rogers 
asked how much time would be gillen oller to this in an undergraduate 
syllabus? Dr Coffman replied that it depended on how much importance was 
given to the fact that techniques could be used without a formal basis but that 
such a basis lead to an intuition about applicability. He cited as an example the 
use of the Central Limit Theorem by undergraduates, noting that its proof 
necessarily included all suppositions about its application, but that these 
needed to be spelled out to the naille student. 

Professor Henderson asked if it would be possible to remolle some of the 
currently taught 'traditional ' analysis from the syllabus by the introduction of 
probabilistic analysis into the syllabus? Dr Coffman replied that he thought 
that very little could be replaced. Rather he was asking for the addition of the 
'non-traditional' analysis. He obserlled that probabilistic analysis of a problem 
includes, and leads to, combinatorial analysis of that problem. 

Professor Girault asked whether the use of probabilistic analysis restricts us to 
systems in which the behaviour was static (and hence not evoilling) . Dr Coffman 
agreed but noted that in the analysis of more complex systems questions asked 
were necessarily simpler as insight was generally less. 

Lecture Two 

Rapporteur: Chris Phillips 

Dr. Coffman opened the discussion himself by returning to his thoughts on 
undergraduate courses, indicating that a few of the asymptotic results covered 
by his talk should be included . We should draw from various application areas 
such as graph and sorting algorithms to which the techniques covered in the 
talk apply . We should expect to find in such a course a mix of fundamental and 
asymptotic analysis . Appropriate text books are allailable, or are in 
preparation, each of which reflects the author's bias to some extent. 

Professor Marie returned to the strip packing algorithm described by Dr. 
Coffman in his talk and indicated that a better solution is possible if rotation of 
the blocks is permitted . Dr. Coffman indicated that the algorithm as stated did 
not allow this; if it were it would probably not affect the asymptotic result, 
although there would be a decrease in lIalue of the multiplicative constant. 
Sometimes we do not know what the constant is. The role of simulation is 
crucial. We need to simulate in order to get some idea of what is probably true ; 
this then gives some idea of what we should set out to try to prolle . 

Professor Rogers remarked that Dr. Coffman's results were based on the 
assumption of a uniform distribution of the lIariables. If this condition does not 
hold then the algorithms described can have ve ry poor performance 
characteristics. Professor Rogers enquired whether other distributions halle 
been considered . In reply Dr Coffman said that the same results are achielled if 
the distribution is symmetric on [0,11. and there are similar results for the case 
of a non-increasing density distribution . Beyond that there is little known, but 
then few applications are likely to fit such a model. It is not necessary for th e 
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distribution to be continuous and some work has been done for the discrete 
case . 




