2

occam

1 In tro duction

true c oncurr ency

Abstract

Keywords:

duplic ation e quivalenc e

An Axiomatisation of Duplication Equiv alence in the P etri Bo x

Calculus

Martin Hesketh and Maciej Koutny

Department of Computing Science

University of Newcastle up on Tyne

Newcastle up on Tyne NE1 7RU, United Kingdom

The Petri Box Calculus (PBC) consists of an algebra of b ox expressions, and a corresp onding

algebra of b oxes (a class of lab elled Petri nets). A comp ositional semantics provides a translation

from b ox expressions to b oxes. There are several alternative ways of defining an equiv alence notion

for b oxes, the strongest one b eing net isomorphism. In this pap er we consider slightly weaker notion

of equiv alence, called , which still can b e argued to capture a very close

structural similarity of concurrent systems the b oxes are supp osed to represent. W e transfer the

notion of duplication equiv alence to the domain of b ox expressions and investigate the relationship

b etween duplication equiv alent b oxes and b ox expressions. The main result of this investigation

is a sound and complete axiomatisation of duplication equiv alence for a fragment of recursion-free

PBC.

Petri nets, pro cess algebra, equiv alence, axiomatisation, theory of concurrency .

Petri nets [17] and pro cess algebras [1, 8, 10, 15] are two widely used and intensively researched mo dels

for concurrency

. Petri nets have a partial order, or b ehaviour, allowing reasoning

ab out causal relationships b etween events. In comparison, pro cess algebras are generally based on

interleaving b ehaviours. The Petri net mo del, which is graphical in nature, do es not readily supp ort

the comp osition of nets. This makes it more difficult to pro duce mo dular designs for systems than in

pro cess algebra based framework.

The Petri Box Calculus (PBC) [2, 4, 5, 14] has b een designed to combine the adv antages of b oth Petri

nets and pro cess algebras. The PBC consists of an algebra of b ox expressions, and a corresp onding

algebra of b oxes (a class of lab ell ed Petri nets). A comp ositional semantics provides a translation from

b ox expressions to b oxes. Earlier approaches to giving a Petri net interpretation to a pro cess algebra

[7, 16] have b een based on algebras with an existing semantics in a mo del other than Petri nets. Note

that the design of the PBC do es not preclude a semantics b eing given in purely algebraic terms [12, 13].

F or example, [13] gives a partial order structural op erational semantics for b ox expressions which is

consistent with the corresp onding partial order semantics of b oxes. PBC allows the semantics of high

level programming constructs to b e simulated, verified and reasoned ab out at the level of Petri nets.

In this resp ect, the PBC lies midway b etween Petri nets and high level programming languages such

as [11] and B(PN) [3]. The PBC can b e considered an extension of CCS [15], providing a more

general synchronisation scheme and supp ort for iteration.

One of the main motiv ations b ehind the development of the PBC was to make it p ossible to supp ort

in a single framework different verification techniques develop ed indep end ently for pro cess algebras

and Petri nets. An example of the latter is the comp ositional S-inv ariant analysis [6]. In this pa-

p er we consider one of the standard verification techniques develop ed for pro cess algebras, namely

axiomatisation of b ehavioural equiv alenc e [15].

k l

∘ ∘

•

•

•

N e i x

e i x

e e i i x

2 Lab elled nets

×

N

∪

N N N

N

≥

≤ ≤

N

{ }

{ }

{ }

∈ {

} N

N ‖ ‖

N

0 1 2 3 4

0 1 2 3

0 1 2 3 4 0 1 2 3

0 0 0 1 1 1 1 2 2 3 3 3 0 2 1 2 1 3

2 3 3 4 0 1

4

1 1 duplic ation

e quivalenc e

plac es tr ansitions

no des actions lab el

function

weight function

net

entry internal exit

pr e-set

p ost-set

simple T-r estricte d

isolate d

lab el le d net

N

N

N N

S, T , W, λ S T

W λ S T

n n

m W m, n n

N N

N t W s, t W t, s s

S s , s , s , s , s

T t , t , t , t

λ s , , s , , s , , s , , s , , t , a , t , b , t , c , t , d

W m, n m, n s , t , s , t , s , t , s , t s , t , s , t t , s t , s t , s

t , s t , s W m, n s s

s a c b d

n . . . n ▷ ◁ m . . . m

There are several alternative ways of defining an equiv alence notion for b oxes, the strongest one b eing

net isomorphism. In this pap er we consider slightly weaker notion of equiv alenc e, called

[2], which still can b e argued to capture a very close structural similarity of concurrent

systems expressed by b oxes. In other words, duplic ation equiv alent b oxes should b e equiv alent with

resp ect to every reasonable notion of b ehavioural equiv alenc e. Thus duplication equiv alenc e plays a

fundamental role in the PBC approach and deserves a due investigation. In this pap er we transfer the

notion of duplic ation equiv alence to the domain of b ox expressions and investigate the relationship

b etween it and the structure of a b ox expression. The main result of this investigation is a sound and

complete axiomatisation of duplication equiv alenc e for a fragment of recursion-free PBC.

The pap er is organised as follows. In section 2 we define a class of Petri nets which are used throughout

the rest of this pap er, and intro duce the notion of duplication equiv alen ce. Section 3 discusses the

relationship b etween the op eration of synchronisation and duplication equiv ale nce. The next section

intro duces the remaining op erators of the PBC. Section 5 defines b ox expressions and b oxes, a class

of Petri nets used in the PBC. The following section transfers the results on duplication equiv alenc e

obtained for b oxes to the domain of b ox expressions. Section 7 contains the prop osed axiomatisation

of duplication equiv alence. It is followed by the pro ofs of soundness and completeness of that ax-

iomatisation, presented resp ectively in sections 8 and 9. Finally

, we briefly discuss some of the issues

related to the prop osed axiomatisation.

In what follows, we assume two infinite disjoint sets of elements, called and — jointly

referred to as — and an infinite set of . Any set of no des can b e lab elled using a

which must return either one of the three sp ecial symb ols (which are not actions), , and ,

if applied to a place, or an action if applied to a transition. A for is a mapping from

the Cartesian pro duct to the set of non-negative integers such that it always returns zero for a

pair of places or a pair of transitions. W e adopt the standard Petri net way of representing places and

transitions as resp ectively circles and rectangles. A weight function will b e represented using directed

weighted arcs. No arc b etween two no des will b e drawn if the function returns zero.

W e define a to b e a tuple = ( ) such that and are finite sets of resp ectively places

and transitions, and and are resp ectively a weight and lab el function for the set of no des .

A place lab ell ed by is an place, by an place, and by an place. By convention,

and will denote, resp ectively

, the entry and exit places of . W e will later use the entry and

exit places to comp ose nets. F or every no de in , we use to denote its which comprises

all the no des such that ( ) 1. The is defined in a similar way

. This notation

extends in the usual way to every set of no des , e.g. is the union of the pre-sets of the no des in

. A transition is if ( ) 1 and ( ) 1, for every place . The net is

if the pre-set and p ost-set of every transition are non-empty

. An place is one whose pre-set

and p ost-set are empty .

A is a T-restricted net without isolated places. Figure 1 shows a lab elled net such that

=

=

= ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

and ( ) = 1 for ( ) ( ) ( ) ( ) ( ), ( ) ( ), ( ), ( ), ( ),

( ), ( ) ; and ( ) = 0 otherwise. is T-restricted, its entry places are and , and

the exit place is . W e will later see that corresp onds to the b ox expression (( ) ); , where

denotes parallel, choice, and the semicolon sequential comp osition.

W e will often decorate the different comp onents of a net with the index . The same convention

will apply to other notations we subsequently intro duce. W e will use the notation

N

□

∑ ∑ ∑ ∑

∑ ∑ ∑ ∑

Prop osition 2.1 const const

i i

x e e

N

• ∘ • ∘

N

∘

∘

N N

− −

≃

N M N M

N

N N

∈ N

∈ N

∈

∈ { } ∈

N

≃ ≃

N M N

M N

2.1 Net isomorphism and net union k

l

k

i i l

i i k

i i l

i i

k l

k

k

i i k

i i k

i i k

i i

k

k k k k k

k k k k k

1

1

=1 =1 =1 =1

1 1

1 0 2

1

=1 =1 =1 =1

1 0 2 0 1

1 1 1 1 1

1 1 1 1 1

2

3

1 0

4

3 2

1 0 c onne ctivity

c onstant c onne ctivity

duplic ate

isomorphism n , . . . , n

m , . . . , m n

W n , n W m , n W n, n W n, m .

n , . . . , n m , . . . , m

t ▷ ◁ t t δ

δ δ t ▷ ◁ δ u

W s, t W s, u s W s, t W s, u

W t, s W u, s s W t, s W u, s

n , . . . , n N n, m N

W n , n W n , m W n, n W m, n

n . . . n , N t t , s , s

▷ ◁

n ▷ ◁ m , . . . , n ▷ ◁ m n . . . n ▷ ◁ m . . . m n . . . n ▷ ◁

m . . . m n . . . n ▷ ◁ m . . . m n ▷ ◁ m

n m n

λ n λ m n ▷ ◁ m n m

n n

t

t t t

s s s s s

a

b c

d

h

n, m

λ n λ h n W n, m W h n , h m .

to mean that the ‘sum’ of the weight functions of no des is the same as the ‘sum’ of the

weight functions of no des . That is, for every no de in ,

( ) = ( ) and ( ) = ( )

W e will also say that have the same as . Note that for the net of

figure 1 we have . T o simplify some of the definitions we will use to denote a ‘dummy’

simple transition which, if present, would satisfy = and = . F or example,

should b e interpreted as signifying that ( ) = ( ) + 1, for all , and ( ) = ( )

otherwise; and that ( ) = ( ) + 1, for all , and ( ) = ( ) otherwise. W e will

say that no des have with a set of no des if, for all ,

( ) = ( ) and ( ) = ( )

and denote this by ( ) . F or example, in figure 1, ( ) . Directly

from the definition of we obtain that

If then . Conversely

, if

and then .

A of a no de of a net is a no de which has the same lab el and connectivity as ,

i.e. ( ) = ( ) and . W e denote this by . Clearly

, is an equiv alenc e relation; its

equiv alence class containing no de will b e denoted by [ ] .

Figure 1: A lab elle d net.

An for two nets, and , is a bijective mapping from the no des of to the no des

of such that for all no des in ,

( ) = ( ( )) and ( ) = ( ( ) ( ))

□

∑ ∑ ∑

1 2

2

1

N ∪ N

N

N

Prop osition 2.2

Pro of.

2.2 Duplication equiv alence e i x

x i

e x i i e

const

const

const m

k k l

m k k k l

m m m

m

k l

i k i k

i i m

i i

m k k k l

m

N M

N M

N ∪M

• • • •

N M N

N N M

M M N

N ∪M

N M

N

≃ ≃ ≃

′ ′ unionable

union

-set

duplic ation quotient

1 2 1 1

1 0

1 0

2

1

0

2

1

1 0

1

1 +

1 1 +1 +

1 1 1

1

+

= +1

=1 =1

1 1 +1 +

1

N M

N ∪ M N M

N M N M

N N N ∪ N

⊗

⊗ N M

⊆ ∩ ⊗ ∈ ∈

≃ ≃

⊗ N M

N M ≥ ≥

∪ ∪ ∪ ∪ ⊆ ∩ ∈

∈

∈ ⊗ ∈ ≃ ≃

∈ { }

−

∈ { }

≃ ≃

∈

N N

N { | ∈ } { | ∈ } h

, ,

t t t t

s s

s s

s s s a b

a

b

P S S s, r P p P

s p r p

P t , . . . , t

v , . . . , v , . . . , v m, l k

t . . . t v . . . v ▷ ◁ v . . . v

t t . . . t t S S t . . . t , P

▷ ◁ t . . . t , P

s, r P P p P s p r p

x s, r, p

κ x W x, v W x, v μ x W x, t .

t . . . t v . . . v ▷ ◁ v . . . v μ x κ x x s, r, p

s p r p μ s μ p κ r κ p

μ s μ p κ p κ r μ r .

t . . . t , P

s s S , t t T , W , λ

In other words, is a graph isomorphism for and preserving no de lab elli ng. Note that since

are not actions, it is always the case that places are mapp ed onto places, and transitions are

mapp ed onto transitions.

Net union is a partial op eration defined only for pairs of nets which means that their

transition sets are disjoint and their lab el functions coincide on the common places. The

of two unionable nets, and , is defined as a net with the no de set b eing the union of the

no des of and , and the weight and lab el functions b eing inherited from and (if the v alue

for a weight of the new net cannot b e found in the original nets, it is set to zero). Figure 2 shows two

unionable nets, and , and their union .

Figure 2: Net union.

Net union will usually b e applied when the common places can b e partitioned into -sets created by

the op eration of place multiplicati on (itself denoted by , see section 4). Let and b e unionable

nets. A non-empty set of places is a if for all there is such that

and .

Let b e a -set for two unionable nets and . If are transitions in

and are transitions in such that 1, 0 and

then and ( ) .

The first part follows directly from the definitions of and net union. T o show ( )

, assume . Then, by b eing a -set, there is such that and .

Denote, for ,

( ) = ( ) ( ) and ( ) = ( )

F rom it follows that ( ) = ( ) for . Moreover, from

and we resp ectively obtain ( ) = ( ) and ( ) = ( ). Hence

( ) = ( ) = ( ) = ( ) = ( )

This and symmetry of the argument yield ( ) .

Let b e a lab ell ed net. W e define the of to b e a lab elled net

[ ] = ( [ ] [ ] )

−

≃

[ ]

1

1

N N

∑ ∑ ∑ ∑ x e

x e e

Prop osition 2.3

Pro of.

duplic ation e quivalent

′

≃

′

≃ ≃

≃

≃ ≃

≃ ≃

∘

≃

≃ ≃

≃ ≃

N M

N

′ ′

M N M

M

′ ′

N

′

N M

M N N M

M

1

2

0 1

0 0 1 0

2

1 0

1 1 + + 1 +1 + 1

+1 +

=1 =1

+

= +1

+

= +1

1 +1 +

N

N N

N M

N ≃ M N ≃ M N M

≃ N M

≃

N M P

N ≃ M M ≃ P N ≃ P

N ≃ M

≃ ≃ ≥

≃ ≃

≃ ≃

M N ≃ ≤

≃ h

h

h g h g

h

h k l h k l k k k l k

k k l

h h

h h

h

i h i i i

k

i i k

i i k l

i k i k l

i k i

k k k l n m λ n λ n W n, m W n , m

h

n m n m

h n m

.

s s s

t t t t

s s s

a a a

n m , . . . , n m k , l n . . . n ▷ ◁ n . . . n m . . . m ▷ ◁

m . . . m

n ▷ ◁ n m ▷ ◁ m λ n λ m n m

n m ▷ ◁ m n n ▷ ◁ n

m n n m i k l

n m W n, n W m, m

W m, m W n, n W n, n W m, m .

m . . . m ▷ ◁ m . . . m

Such markings are the standard initial markings of b oxes; we do not represent them explici tl y here since we are

concerned purely with the structure of the underlyi ng nets.

where for all no des and in , ( ) = ([ ] ) and ( ) = ([ ] [ ] ). Figure 3 shows

a lab ell ed net and its duplication quotient [ ] . W e now can intro duce a notion central to this

pap er. Lab elle d nets and are if their duplication quotients are isomorphic

nets. W e denote this by or , where is an isomorphism for [ ] and [ ] . In the

latter case we will also denote if and are two no des of resp ectively and such that

([ ] ) = [ ] . As it was shown in [2], is an equiv alence relation. This can b e slightly strengthened

thus. F or all lab ell ed nets , and ,

and implies (1)

Duplication equiv alence has b een intro duced in [2] (under the name of renaming equiv alence) as a

structural equiv alence relation on Petri nets used in PBC. It preserves the interleaving and non-

interleaving (partial order) semantics of nets it identifies (provided we mark them initiall y by putting

exactly one token in each of the entry places and no token on the other places ), and is a congruence

with resp ect to all the net op erators considered in [2] (hence also with resp ect to the net op erators

used in this pap er).

[ ]

[ ] = [ ]

[ ] = [ ]

Figure 3: Lab elle d net and its duplication quotient.

The next result establishes some basic relationships b etween b eing a duplicate, having the same

connectivity

, and b eing duplication equiv alent nets.

Let b e duplication equiv ale nt lab ell ed nets.

1. If ( 1) and then

.

2. If and ( ) = ( ) then .

3. If then .

(1) Let b e a no de in . Then there is a no de in such that . F or every + ,

by , ( ) = ( ). Hence

( ) = ( ) = ( ) = ( )

This and symmetry of the argument yield .

□

□ h

h

h

h h

h

h

h h

h h

h

h

h plac e-sharing

plac e–pr eserving

2.2.1 Place-sharing nets

Prop osition 2.4

Pro of.

≃ M

N ≃

N ≃

≃ ≃

N M

N M ≃

N M

≃

N M N M ≃

N

∼

M N

∼

M

N M

N

∼

M N M ≃ ≃

{ | ≃ } { | ≃ } N

∼

M

≃ ≃

≃

≃ ≃

≃ ≃

N

M

{ | ∈ } ∪ { | ≃ }

N

∼

M ∈

≃ ≃ ≃ ≃ ≃

≃ ∈ ∈

≃

∈

∈ ≃

N M

M

M M N M

N

′

M

′

N

′

M

′

N N

′

M M

′

M M

′

N

′

N M

M

′

M

M

′ ′ ′

N M N

′

M

′

N N

′

N N

′

N

′

N M

N M

N M N M

N M

N M

N N M M N M

N M

N M

N M N M N M

N M N M M

N M M N M M

N

≃

M

≃

N

≃

M

≃

N M

N M

′ ′

MN N

′

N M

′

M

′

M N

N M

M N N M

M M

M N N

′

M

′

M M

′

N M

N

≃

N

≃

≃

M

≃

M

≃

≃

N M q n q m ▷ ◁ q r

W m, r W q , r p p r W n, p W q , r

W n , p W m , r n ▷ ◁ n m ▷ ◁ m W n, p W n , p

W m, r W m , r W m, r W m , r W n , p W n, p W q , r .

p r p r m ▷ ◁ m W m, r

W m , r n m n m W n, p W m, r W n , p

W m , r W n, p W n , p W p, n W p, n n ▷ ◁ n

t u t u

λ t λ u s

W t, s W u, s W s, t W s, u .

t u t u

h

s s

s

t u t u t u

T t t u T u t u

S S S

t u λ t λ u s S s s

W t, s W u, s W s, t W s, u t u

t u λ t λ u t w s S W u, s

W t, s W w , s W s, u W s, t W s, w u w t u

h s , s s S t , u t u .

h s, r S

s r s r t, u, t , u u t t u

u u y T z T

z y

W y , s W z , s W z , r W y , r .

W s, y W r, y s S

W s, u W s, t W s, t W s, u .

W u, s W u , s

s S t u s

t s u

W s, t W s, u

(2) There is such that . It suffices to show that . T ake any no de in . W e only

prove that ( ) = ( ). There is in such that . W e have ( ) = ( )

and ( ) = ( ). Moreover, by and , we have ( ) = ( )

and ( ) = ( ). Hence ( ) = ( ) = ( ) = ( ) = ( )

(3) Supp ose that is a no de in . Then there is such that . By , ( ) =

( ). Moreover, by and , we have ( ) = ( ) and ( ) =

( ). Hence ( ) = ( ). Similarly

, ( ) = ( ). Thus .

W e will often b e dealing with lab ell ed nets and which are , by which we mean that

their place sets and place lab ell ings are exactly the same (no conditions are imp osed on the transition

sets of the two nets). In such case, for all transitions, in and in , we denote if

( ) = ( ) and for every place in (and so in ),

( ) = ( ) and ( ) = ( )

Intuitively

, means that and are ‘remote’ duplicates since they have the same connectivity

if one lo oks at the places of the two nets. Moreover, an isomorphism for the duplic ation quotients of

and establishing duplication equiv alen ce of and will b e called if ,

for every place in the two nets. W e will denote this by = or = . W e now formulate a

fundamental result concerning duplication equiv alence of place-sharing nets.

Let and b e place-sharing lab ell ed nets.

1. If = then for all transitions, in and in , if and only if .

2. If = and = then = .

Denote = = .

(1) Supp ose . Then ( ) = ( ). Let b e any place in . Since , we have

( ) = ( ) and ( ) = ( ). Hence .

Supp ose . Then ( ) = ( ). Let and b e a place in . W e have ( ) =

( ) = ( ) and ( ) = ( ) = ( ). Hence and so .

(2) Define a mapping from the no des of the duplication quotient of to the no des of the duplication

quotient of thus:

= ([ ] [ ] ) ([ ] [ ] )

One can see that = . T o show that is a bijection, it suffices to show that: (i) if and

then ; and (ii) if are transitions such that then

. T o show (i), take any . Then, by the assumption made in 2.4(2), there is

such that . W e thus have

( ) = ( ) = ( ) = ( )

The pro of that ( ) = ( ) is similar. T o show (ii), take any . Then

( ) = ( ) = ( ) = ( )

The pro of that ( ) = ( ) is similar.

What remains to b e shown is that if and then the weight of the arc b etween [ ] and

[ ] in [ ] is the same as the weight of the arc b etween [ ] and [ ] in [ ] . This, however,

follows directly from ( ) = ( ).

Note that from the first part of the prop osition it follows that there can b e at most one place-preserving

isomorphism (b etween the resp ective duplication quotients) establishing duplication equiv alence of two

place-sharing nets.

2

( ) N N N sy a sy a sy a

N

N N

M N N

N N N N

^ ^

^

^ ^

^

^

^ ^ ^

∑ ∑ ∑ ∑

3 Sync hronisati on

2

1 1

1 1 1 1

1

1

=1 =1 =1 =1

Prop osition 3.1

Pro of.

a

syn

sy

sy

sy a sy a sy a

sy

sy

A

A

k l

k l k A l

k

l

k

i i l

i i k

i i l

i i

A

A → A ̸A

{ }

∈

N N

N ⊙

N ⊙

⊙ ⊙ ⊙

N N

N

⇐

M N ⊙ ∈ − c ommunic ation internal

c onjugates synchr onisation set

synchr onisable

synchr onisation ı

a a a a a a a

A

A A a

a, a

t u

A A t, u

A A

t u

A t u t u ı

t u ▷ ◁ tu t u u t

a ı ı

a a

a ı a

a

n , . . . , n , m , . . . , m A

n . . . n ▷ ◁ m . . . m n . . . n ▷ ◁ m . . . m .

A t u w T T n . . . n ▷ ◁

m , . . . , m

W n , u W m , u W n , w W m , w .

The synchronisati on mechanism used in this pap er is basical ly that of CCS; the original one used in PBC [2] is more

general and can also express more complex, multi-way

, synchronisa tion .

T o define a synchronisation op erator on nets, we imp ose a little structure on the set of actions. W e

assume that it consists of actions, , and a distinct action, . There is a

bijection : such that = and = , for every in . The actions and will b e called

. By a we will mean a set of communication actions which contains

the conjugates of all its actions, i.e. = . F or every communication action , we will denote by

the synchronisation set . As in CCS, it is implici tly assumed that two transitions lab elle d

with conjugate communication actions can b e synchronised to yield a new transition lab elled with the

internal action. Two transitions, and , whose lab els are conjugates b elonging to a synchronisation

set are called – , ( ) .

The of a lab elle d net by a synchronisation set is a net which is defined

as extended by a set of new transitions. Exactly one new transition, , is added for every

pair of –synchronisable transitions of , and . The lab el of is and the weight function is

extended so that . W e also assume that is the same as . Figure 4 shows

two consecutive applications of the synchronisation op erator. Note that and ( ) are

duplication equiv alent, but not isomorphic. Thus synchronisation is not idemp otent with resp ect to

net isomorphism. However, it is idemp otent with resp ect to duplication equiv alence which was one of

the reasons for intro ducing duplication equiv alen ce in [2].

Figure 4: Synchronisation (place lab els omitted).

Having the same connectivity is preserved through synchronisation.

Let b e a lab elle d net with no des and b e a synchronisa-

tion set. Then

if and only if

That ( ) implication holds follows directly from the definition of synchronisation. Denote

= . T o show the reverse implicati on, supp ose = . By

,

( ) = ( ) and ( ) = ( )

□

□

□

□

∑ ∑ ∑ ∑

∑ ∑ ∑

∑

∑ ∑

=1 =1 =1 =1

=1 =1 =1

=1

=1 =1

M M M N N

N N M M

M

M M

P

≃

R

≃

P

≃

R

≃

N

P N N P

R N

R N P sy sy

sy sy

syn

sy

sy

sy

sy

sy

sy sy

sy sy

sy sy k

i i k

i i i k

i i k

i i

l

i i l

i i l

i i i

l

i i

k

i i l

i i

h

g

h g

h

A h h

A

g

g g g

Prop osition 3.2

Pro of.

Corollary 3.3

Pro of.

Prop osition 3.4

Pro of.

Prop osition 3.5

N ≃ M

N ≃ M

N M ≃ ≃

P N R M

{ | ≃ } ∪ { ⊙ ⊙ | ∈ ∧ ≃ ∧ ≃ }

N N

N N

N N

∼

N

N N ≃

⇒ ⇐

N M N ≃

M N

∼

N

P N R M

⊙ ∈ − ∈ ≃ ⊙ N ≃ R

≃ ≃ ⊙ ∈ ∈ ≃ ⊙

⊙ ≃ ⊙

N

N ≃ N N

∼

N

W n , t W n , u W n , w W n , u W n , w

W m , u W m , w W m , u W m , w

W m , t .

W t, n W t, m

A

g A A n m

n m n m

A A

g n , m n m t u , v w t, u t v u w .

g

A

A

A A

t A u t u

A

A A

A A

u w T T t T t u w v z

u v w z v z T t T t v z

v z ▷ ◁ v z t ▷ ◁ uw t u w

A B

A A

Hence, we obtain

( ) = ( ( ) + ( )) = ( ) + ( )

= ( ) + ( ) = ( ( ) + ( ))

= ( )

Similarly

, one may show that ( ) = ( ).

Duplication equiv ale nce is preserved through synchronisation. What is more, the isomorphism estab-

lishing the equiv alen ce can also b e preserved.

Let b e duplicati on equiv alent lab elle d nets and b e a synchronisation

set. Then there is an isomorphism such that and, for all no des and in

resp ectively and , if and only if .

Denote = and = . Define

= ([ ] [ ] ) ([ ] [ ] ) ( )

A straightforward yet rather lengthy argument can show that is a required isomorphism.

and are place-sharing nets. Hence, directly from prop osition 2.4, we obtain a necessary and

sufficient condition for the existence of a place-preserving isomorphism for the duplication quotients

of and .

Let b e a lab elled net and b e a synchronisation set. Then = if and

only if for every transition in there is in such that .

The ( ) implication follows from prop osition 2.4(1), and the ( ) implication from prop osition

2.4(2).

The next result can b e interpreted as saying that b eing duplic ation equiv alent to a synchronised net

makes the synchronisation implicit.

Let and b e lab ell ed nets and b e a synchronisation set such that

. Then = .

Let = and = . By corollary 3.3, it suffices to show that for every transition

, there is such that . Supp ose that . There are and

such that and . Clearly

, . Hence there is such that . By

prop osition 2.3(1) and , we have which in turn means that .

The next prop osition gathers together a numb er of simple facts involving synchronisation and duplica-

tion equiv alenc e. Note that the second item implies that as far as duplication equiv alence is concerned,

synchronisation is idemp otent and commutative.

Let b e a lab ell ed net, and and b e synchronisation sets.

1. if and only if = .

3

⋃

□

□

□

− −

N

N

N M

1 1

3

1

1 1

1 1 g f

d e

h

k

k k

k k maximal synchr onisation set

Maximal w.r.t. set inclus ion .

Pro of.

Prop osition 3.6

Pro of.

Prop osition 3.7

Pro of.

3.1 Net union, duplication equiv alence and sync hronisation

A B A B

A B A B

A B B A

A B A B

A B g f

A A B B B A.

d e

A B A B B A B A .

A B B A h g d e f

A B

B B A A

A B A A B

P A, B

P A B

A A

A A .

, . . . , A

. . . A A . . . A A.

. . . A A . . . A A sy sy sy

sy sy sy sy

sy sy

sy sy sy

sy sy

sy sy sy sy sy sy

sy sy sy sy sy sy

sy sy

sy sy sy

sy sy sy sy

sy sy

sy max

max sy

max max

sy sy sy sy

sy sy sy sy

N

∼

N ∪

N ≃ N N

∼

N

⊆ N ≃ N N

∼

N

N ≃ N N ≃ N N

∼

N ∪

∼

N ≃ N

N

∼

N N

∼

N

N

∼

N ∪ N

∼

N ∪

∪ ∪ ∘ ∘ ∘

N

∼

N

N N −

N ≃ N ≃ N ≃ N ∪

⊗

⊗ N M

⊗ N M

⊗

N

N ≃ N

{ | N ≃ N }

N ≃ M

N N

N ∪ ∪ N

∼

N ∪ ∪ N

N N ∪ ∪ N M N ∪ ∪ N N M

N

∼

M

2. = ( ).

3. If then = .

4. If and then = .

5. If and then = ( ).

(1) F ollows directly from prop osition 3.4 and the definition of = .

(2) F ollows directly from prop osition 2.4(2) and the definition of synchronisation.

(3) By and prop osition 3.4, there are and such that

= and =

Moreover, by prop osition 3.5(2), there are and such that

= ( ) and = ( )

Hence, by prop erty (1) and = , = is an isomorphism satisfying

= .

(4) F ollows from = ( ) and prop osition 3.4.

(5) F rom prop ositions 3.5(2) and 3.2, we obtain ( ). Then we

apply prop osition 3.5(1).

Finally

, we have that b eing a -set is preserved through synchronisation.

If is a -set for unionable lab elled nets and , and are synchronisation

sets then is also a -set for and .

F ollows directly from the definition of -sets and prop osition 3.1.

If one lo oks at the last item of prop osition 3.5 then it is obvious that for every net there exists the

such that . W e will denote this set by . Note that

=

Hence, by prop osition 3.4, if then = .

Crucial to the further development is the way in which combining the net union and synchronisation

op erations affect duplication equiv alence. The first result we obtain is that, from the p oint of view of

duplication equiv alen ce, synchronisation propagates through net union.

Let b e pairwise unionable lab elle d nets and b e a synchronisation set.

Then

( ) = (( ) ( ))

Let = ( ) and = (( ) ( )) . Since and

satisfy the condition in prop osition 2.4(2), = .

W e now formulate a key result on the relationship b etween net union, synchronisation and duplication

equiv alence .

M N

□

□

^

^

P

P P P

P

P P P

P P k k

i i

i j

A B

B A

k k

i i

i j

A

1 1

1 1

2 1 0

3 2

1 0

3 2

1 0

2

0 1

Prop osition 3.8

Pro of.

Corollary 3.9

3.1.1 Reversing Corollary 3.9 sy sy

syn syn

syn syn

sy sy

sy sy

a

sy a sy

syn

a

syn

sy a sy

sy a sy sy a sy

e

x x x x e e e

sy a sy a

P N ∪ ∪ N N N

≤

• N ≃ N

• ∈ ∈ ∈ ∈ ∈

∈ ∈ ∈

P

∼

P

N P M P

N

∼

M

∪

P N ∪ ∪ N N N

∉ ≤

• N ∪ ≃ N

• ∈ × ∩ ∈

∈ ∈

P ∪

∼

P

N ∪ M ∪ ≃ N ∪ M N ∪ ≃ N

‖

N ∪ M ≃ N ∪ M N ≄ N

N ∪ M M

N

N M

N M ∉

. . . , . . . , A

B i, j k

A B

t T v T t, v t, v w T

λ w ı tv ▷ ◁ w u, w T u, w u, w

tv ▷ ◁ uw

A B .

A B

.

B A

. . . , . . . , A

a A i, j k

A A

t, v T T w T λ w ı tv ▷ ◁ w

u, w T u, w tv ▷ ◁ uw

A A.

k

A A A A

a a ı

t t t

s s s s

s s s s

a ı a

t

t t

A a A

Let = where are pairwise unionable nets, and let and

b e synchronisation sets such that for all distinct , the following hold.

.

F or all and , if ( ) (or ( ) ) then there is such that

( ) = and , or there are such that ( ) (resp. ( ) )

and .

Then =

Let = and = . F rom prop ositions 3.5(3) and 2.4(1) it follows that we can

apply prop osition 2.4(2). Hence =

Later, we will need a sp ecific instance of the last result for = .

Let = where are pairwise unionable nets, and let b e

a synchronisation set and b e a communication action such that for all distinct , the

following hold.

( ) .

F or all ( ) ( ) there is such that ( ) = and , or there are

such that ( ) and .

Then ( ) =

W e will now aim at reversing corollary 3.9 for = 2. W e need such a result to characterise maximal

synchronisation sets of nets which are obtained through comp osition. In particular, we would like to

show that if ( ) ( ) ( ) then ( ) . However, such a result

do es not, in general, hold. F or consider the following two nets (note that the union of the two nets in

this example corresp onds to the b ox expression ( ) ).

Then, clearly

, ( ) but . Intuitively

, the reason why we have a problem

here is that, in , the transition can b e interpreted b oth as coming from , and as coming

from (e.g. by b eing the ‘result’ of synchronising transitions and ). W e therefore need first to

constrain the two nets, and , b efore trying to reverse the corollary . T o this end, supp ose that

and are two unionable lab elled nets, is a synchronisation set, and is a communication

action. W e also make six sp ecific assumptions, A1-A6 b elow.

□

-tr ansition

E X

A

A

A

A A

A

A

A A

E X A A

A

E X

A

A

E X

E X A A

A

A A

A A

E X E X

( ) ( )

( )

0 1 2 3 2

( )

( )

( ) ( )

( )

( )

( )

( )

( ) ( )

( ) ( ) ( )

A1

A2

A3

A4

A5

A6

Prop osition 3.10

Pro of.

Prop osition 3.11

Pro of.

• •

• •

• •

N M

• •

N ∪M ∪

N

N ∪M

N ∪ N

N ∪

N ∪M ∪

N M

N N ∪M

N ∪ N M

N N ∪M

N ∪

N M

M N ∪M ∪

N M N M

N ∪M N ∪M ∪

M N

N M N ∪M

N M

M

M M M N M

N ∪M N M N ∪M N sy a

const

sy a

sy

sy

sy

sy a sy sy a sy

sy a sy

sy a sy sy a sy

sy

sy a

sy sy

sy sy

sy a

sy sy

sy a

sy a sy syn

a

sy sy a

syn

sy sy a

sy sy

N M

≤ ≤

N

N ∩ ∩ ∅

N ∩ ∅ ∨ ⊆

∩ ∅ ∨ ⊆

N M ∅ ∪

∩ ⊗ N M

N ∪ M ∪ ∈

∈

N ∪ M ∪ { } ∈

≃

N M

N

{ } { }

N ∪ M ∪ ≃ N ∪ M N ∪ ≃ N

∈ −

≃ N N ∪ M ∪ ≃ N ∪ M

N ∪ M ≃

∈ ∈

∈ ∈ ≃

≃ ⊙ ∈ ∈

∈

∉ ∈ ≃ ⊙ N

≃

N ∪ M ∪ ≃ N ∪ M ∈ × − ∩

∈ ∈ ⊙ ≃

∈ × ∩

∈ ⊙ ≃

∈ ∈

∈ ∈

⊙ ∈ ∈

∈ ∉ ∩

∈ ∩ ı t W s, t W t, s s

E X

t t E t X .

t t E t E

t X t X

E X E X

E X S S E X

t A E X t T t E t X

t, E , t, X

t E X A A ı u T

t u

E X E

X E X

E s , s X s , s t t

A A A A

t T T

t w w A A A

u A t u

u T w u u T

u T w T w u

t w u v z v T z T

z T

a A y T z y w v y A

t w

A A t, v T T T

t T x T t v x

u, w T T t ▷ ◁ u v ▷ ◁ w

x T t v

x x T x T

t T v T t v

x u w u T w T tv ▷ ◁ uw

t ▷ ◁ u v ▷ ◁ w

v ▷ ◁ w

W s, v W s, w s S s S S

tv ▷ ◁ uw s S S tv ▷ ◁ uw W s, t

In and , all the transitions lab ell ed with communication actions are simple, and every

-lab elled transition satisfies ( ) 2 and ( ) 2, for every place .

There exist two disjoint non-empty sets of places, and , of such that for every transition

in , = =

If is a transition in lab ell ed with a communication action then = and

= .

The set of common places of and is either or or or .

If (or ) is includ ed in then (resp. ) is a -set for and .

W e call a transition in ( ) ( ) an , and denote , if = , =

and ( ) ( ) .

If is an -transition in ( ) whose lab el b elongs to , then there is

such that .

Intuitively

, and/or form the interface b etween and , b eing derived from the entry

, and

b eing derived from the exit places of (later, the sets and will b e derived through the place

multiplication and addition op erators, which will, in particular, guarantee that A5 holds). In the last

example, = and = . Note also that this example fails to satisfy A6 for = . It

is worth mentioning that A1-A5 are conditions which will b e satisfied by all the nets asso ciated with

b ox expressions or b eing used in the definitions of the comp osition op erators (see prop osition 5.1).

However, the nature of condition A6 is different, as our last example has demonstrated. The next

result can b e seen a reverse of the first part of corollary 3.9.

If ( ) ( ) ( ) then ( ) .

By corollary 3.3 and prop osition 3.5(2), it suffices to show that if then

for some transition in . F rom ( ) ( ) ( ) , corollary

3.3 and prop osition 3.5(2), it follows that there is in ( ) such that .

If then we can take = . If then, from prop ositions 2.2 and 3.6, A2, A4

and A5, it follows that . Hence, by A6, there is such that .

Thus . Finally

, assume that = where and . Then, again

from prop ositions 2.2 and 3.6, A2, A4 and A5, it follows that . Hence, by A6 (note that

), there is such that . Thus = , which b elongs to , satisfies

.

W e then partially reverse the second part of corollary 3.9.

Let ( ) ( ) ( ) and ( ) ( ( )) .

Moreover, whenever , there is no such that . Then there

are transitions ( ) ( ) such that and .

By corollary 3.3 and prop osition 3.5(2), there is an such that

. If (or ) then, from prop ositions 2.2 and 3.6, A1, A2, A4 and A5, it follows

that (resp. ), a contradiction with the assumptions ab out (resp. ) we made. Hence

= where and . By prop osition 2.4(1), . What we need to show

is that and . By prop osition 2.1, it suffices to show the latter.

Supp ose do es not hold. Without loss of generality

, and by A1, we may assume that

( ) = 1 and ( ) = 0, for some . If then we obtain a contra-

diction with . If then, by and A1, we have ( ) = 0 and

□

i m

i i

i i e i x

e i x

{

4 Comp osition op erators

N

• •

N

N

•

N N ∪M

•

N

N M

N M

N M

N ∪M

′ ′ ′ ′

′ ′ ′ ′

′ ′

∘ ∘

∘ ∘ multiplic ation

gluing set

glue d net

pr e-b ox

1 2 1 2

1 2 1 2 3

1 1

1

1 1 1

1 1

1

1 1 1 1

1

1

1

1

1

1

1

1

1

1 1

1

1 1

1 1

1 1

1 i

k k

k

k k k

k k

i i

j j

i j i i

k

k k k k

k

k

k

r m

r m

m m j

i

k j j

j j i i

r s i j j i i

r

i i

r s i i

r

k k

k

∈ ∈ ∩ ∅ ∈ − ∪

∈

⊆ ∈ ∈

≃ ≃

≤

N N N ‖N

N N N ∗ N ∗ N N

N

N ∈ { }

N ⊕ { }

− { } ∪ ∪ ∪ ∈ ∪

∈ ∪

∈ ∈ ∪

∈ ∪ ∈

∈ ∈

∈ ∪

∈

≥

⊗ ⊗ {{ } | ∈ ∧ ∧ ∈ }

{ }

⊗ ⊗ ⊕

N N

{ }

≥ ∈ { }

N N ≤ N N

≤

N N ⊕ { ⊗ ⊗ | ∈ N ∪ N ∧ ∈ ∪ ∪ }

⊗ ⊗ { ∈ ⊗ ⊗ | ∈ }

N N N ∪ ∪ N

∪ N N

N

W s, u s v s E t E q S E X

W q , t s u W q , u tv ▷ ◁ uw

t E r E W r, t p E

r p s p

W p, t W p, v

W p, u W p, w

tv ▷ ◁ uw

s , . . . , s S , . . . , S

l , . . . , l , ,

s , S , l , . . . , s , S , l S , T , W , λ

S S s , . . . , s S . . . S T T n, m S T

W n, m

W n, m n, m S T

W s , m n S , m S T

W n, s n S T , m S

n S , m S λ n λ n n S T

l n S .

S , . . . , S k

S . . . S s , . . . , s s S . . . s S .

s , . . . , s

S . . . S

, . . . ,

S , . . . , S , l , . . . S , . . . , S , l

m, r , . . . , r l , . . . , l , , S

, . . . , j k

j k

s, S . . . S , l s s S . . . S

S . . . S p S . . . S s p

, . . . , . . .

, . . . ,

( ) = 1. By and A2, . If = then, by A2, there is ( ) such

that ( ) = 1. On the other hand, by A3 and , ( ) = 0, contradicting .

Hence . As a result, there is such that ( ) = 1. By A5, there is such that

and . W e now observe that

( ) + ( ) = 1 + 1

and ( ) + ( ) 1 + 0

contradicting .

The PBC employs net op erators which aim at capturing common concurrent programming constructs.

W e have already intro duced one such op erator, i.e., synchronisation. The remaining four op erators are

the choice, parallel, sequence and iteration comp ositions, denoted resp ectively by , ,

; and [ ] where the entry and exit places of the comp onent nets are used to

construct a comp osite net. The definitions of the four op erators are preceded by three auxiliary

notions, viz. place addition, place multiplication and gluing of nets.

W e first formalise what it means to replace a place by a set of other places which inherit its connectivity .

Let b e a lab elled net and b e its places. Moreover, let b e disjoint non-empty

sets of places not in and . Then

( ) ( ) = ( )

is a net such that = ( ), = and, for all ,

( ) =

( ) if

( ) if

( ) if

0 if and ( ) =

( ) if

if

A of non-empty disjoint sets of places ( 2) is a set of places

=

In the ab ove, each is a place which is assumed ‘fresh’ and hence different from every place

in the nets to which the places might b e added using the place addition op erator, .

Let b e disjoint lab elled nets, and Δ b e a . The latter is defined by:

Δ = ( ) ( )

where 1 and and each is the set of entry places or the set of

exit places of one of the nets . It is assumed that, for every , b oth and can

app ear in Δ at most once and never in the same element of Δ. With such assumptions we define, for

,

: Δ = ( [ ] )

where [ ] = . Then the net

( ) : Δ = ( : Δ) ( : Δ)

where denotes net union, is a obtained from nets using the gluing set Δ.

The comp osition op erators are defined for a class of nets called pre-b oxes. A is a lab elle d net

such that the following hold:

1 2

′ ′

5 Bo xes i i

i

i i i

i

b ox expr essions i

e x

e i i x

i i

sy

b ox

∘ ∘

∘

•

• ∘

∘ ∘

∘ ∘ ∘ ∘

∘ ∘ ∘ ∘ ∘ ∘ ∘ ∘ ∘ ∘ ∘ ∘

′ ′ ∘ ∘ ∘ ∘

∘ ∘ ′ ′ ∘ ∘

∘ ∘ ∘ ∘

N N

1 2 3

1 2 1 2 1 2

1 2 1 2 1 2 1 2

1 2 1 2

1 2 3 1 2 3 1 2 3

1 1 1 2 2 3 1 2 2 3 3 3

1 2

1 2 3

1

2

2 3

1 2 3

1 2

1 2

1 1 2 2 1 2

1 2

1 2

1 2 1 2

1 2 1 1 1 2 2 2 1 2 1 2 ı

t W s, t W t, s s

, , , .

, , , , , , .

.

, , , , ,

i , ,

, , , , , , , , , , , , , , , .

, , , , .

s, r s s , s

r r , r s , r s , r p s , r

s p r p

E β E A E E E E E E E E E

β ı A

E E

N ̸∅ ̸N

N N ∅

≤ ≤

N N N

• N N N N { N N }

• N N N N { N N N N }

• N ‖N N ∪ N

• N ∗ N ∗ N N N N M M M

M N

{ N M N N M N M N M M N M }

N N

N ∗ N ∗ N

N

N

N N

N

N ∗ N ∗ N N N M

N

⊗

N N N N N { N N } ∪ N { N N }

N ⊗ N ⊗ N N ∈ N ⊗ N { }

{ } ∈ N ∈ N { } N ⊗ N

≃ ≃

| | | | ‖ | ∗ ∗

A ∪ { }

1. = = .

2. ( ) = ( ) = .

3. All the transitions lab elled with communication actions are simple, and every -lab ell ed transition

satisfies ( ) 2 and ( ) 2, for every place .

Let , and b e disjoint pre-b oxes. The four comp osition op erators are defined thus.

Sequential ; = ( ) : ( )

Choice = ( ) : ( ) ( )

Concurrent =

Iteration [ ] = ( ) : Δ

where in the last case is a disjoint copy of , for = 1 2 3, and Δ is a gluing set given by

Δ = ( ) ( ) ( ) ( )

Intuitively

, sequential comp osition joins together the exit places of with the entry places of ;

choice comp osition joins together resp ectively the entry and exist places of the two nets; and parallel

comp osition simply juxtap oses the two nets. The iteration comp osition [ ] is more com-

plicated and its b ehaviour should b e understo o d as follows. The net represents the entry part

of the iteration construct, after its completion can b e executed zero or more times, and after a

successful completion of each execution of one can pass the control to which is the exit part of

the comp osite nets. Moreover, in order to ensure that iteration always pro duces a 1-safe net provided

that the nets are 1-safe (see [2] for a detailed discussion), in the graph-theoretic construction of

[ ] each of the nets app ears twice, i.e., as and . The latter net plays exactly the

same role as as far as the b ehaviour of the comp osite net is concerned. Figure 5 illu strates the

use of the four comp osition op erators (this example also illustrates the definition of b oxes in the first

paragraph of the next section).

The sets of places resulting from place multiplication in the definition of the three comp osition op-

erators can easily b e seen as -sets of the comp osed nets. Consider, for example, the sequential

comp osition

; = ; = : ( ) : ( )

Then is a -set for the nets and . Indeed, if we take then =

and = , where and . Then = also b elongs to

and satisfies and .

W e now bring to our discussion a class of pro cess expressions. In this pap er we will deal with a subset

of the Petri Box Calculus [2] assuming the following syntax of :

:= ; [ ] (2)

In the ab ove, is an action in and is a synchronisation set. The five op erators corresp ond

to those intro duced for lab elled nets. There is a mapping which asso ciates with every b ox expression,

, a lab elled net, ( ), in the following way:

□ x

b ox a b c a b a b a b a b c a b a b a b a

Prop osition 5.1

∗ ∗ N ∗ N ∗ N N N N N ‖ N ‖N b ox b ox b ox b ox b ox

([ ]) = [ ]

( ; ) = ;

( ) =

( ) = ( )

• ∘ • ∘

• ∘ • ∘

• ∘ • ∘ • ∘ • ∘

• • ∘ ∘

∘ ∘ • •

B

N ∈ { }

‖ ‖

∗ ∗ ∗ ∗

B

B

∩ B ̸∅ ⊆ B

∩ B ̸∅ ⊆ B

⊆ B ⊆ B B B

∅ ∅ ∈ B ∈ B

B ∪ B ∪

B b b

c c a a

b a a

b b a a

x x a, b, c

β

β

E A E A

E F E F

E F E F

E F E F

E F G E F G .

t s

t

t t

t t

t t t t

s s s s s

t t t t ı

u w t ▷ ◁ uw x x x x x x e e

e e e e

i i

i

b ox

b ox e x

b ox sy b ox sy

b ox b ox b ox

b ox b ox b ox

b ox b ox b ox

b ox b ox b ox b ox

b ox

Figure 5: Examples of b oxes where = ( ) for .

( ) =

( ) = ( )

( ; ) = ( ); ( )

( ) = ( ) ( )

( ) = ( ) ( )

([ ]) = [ ( ) ( ) ( )]

In what follows, we will call a a net which can b e derived from a b ox expression through the ()

mapping. In general, isomorphic b oxes will b e identified. The following collection of simple facts

ab out b oxes can easily b e proven by induction on the structure of expressions generating them.

Let b e a b ox, b e its transition and b e its place.

1. is a pre-b ox (and so also a lab elled net).

2. If is lab ell ed with a communication action then

(a) = implies ,

(b) = implies , and

(c) and together imply that = if and only if = .

3. has no duplicates other than itself, and if = (or = ) then (resp. ).

4. If is not a simple transition, or if is a prop er subset of then is lab elled by

and there are transitions and in with conjugate lab els such that .

4

4

ex

C B

^

^

^ ^

^

^

^

^

^

^

^

^

Prop osition 5.2

Pro of.

5.1 Duplication equiv alen t b o xes

• ∘ • ∘

B B

B B

B B

B B

B B

B B C C C

B B

• ∘ • ∘ ∘

B

∘

B

B

B

B ex–tr ansition

choic e c ontext

internal

B B B

∈ B

B

{ | }

{ |

}

{ }

{{ } { } { }} {{ } { }} { } {{ }} ∅

B

B ̸∅

B B B ∈ B ∈

B

B

EX ex

ccall

ccint

ex ccall

ccint ex

ccall ccint ex ccall ccint

i

x x e e

EX

const const ex

t t t

t ex

U

λ U U U

ex U λ U

U

a

a, b , c , a a, b , c a, b, c, ı a, b, c

c a

ı b a

b a c ı

a b c ı a a b c ı

t

t ▷ ◁ uδ u

t t t, t, t ex

ex u w t ▷ ◁ uw

t ▷ ◁ uδ v , w

v w ▷ ◁ uδ v w u ex

The notion of an -transition as well as other auxili ary notation intro duced in this section are defined for b oxes;

however, they extend without any change to lab ell ed nets.

Our first goal (crucial from the p oint of view of dealing with axiomatisation of duplication equiv alenc e

of b ox expressions) is to structurally characterise the maximal synchronisation sets of b oxes. T o this

end we intro duce some auxiliary sets of transitions, called -transitions and choice context transitions.

An of a b ox is a simple transition such that = and = . W e denote

this by and use to denote the set of lab els of all –transitions of . Choice context

transitions duplicate each other except that they may have different (communication) lab els. The

terminology is motiv ated by the fact that such transitions always result from applying the choice

comp osition op erator. A set of transitions of a b ox is a maximal non-empty set

of transitions lab ell ed with communication actions and all having the same connectivity . W e also

denote = ( ) is a set of choice context transitions . If the transitions in are not

-transitions then is a set of choice context transitions and we define = ( )

is a set of internal choice context transitions . Note that is a set of actions, and and

are sets of sets of communication actions. F or the b oxes in figure 6, we have = ,

= , = , = , = and = .

Figure 6: Boxes generated by (( ); ( )) and ( ) ( ).

Let b e a b ox and b e its transition.

1. If for some transition in lab elle d by a communication action, then = .

2. If = , = , ( ) , ( ) and is not an -transition then there are

two -transitions and in with conjugate lab els satisfying .

(1) The result will follow if we can show that, for every obtained from a synchronisation-free

expression, the following hold: (i) it is imp ossible that ; and (ii) if are transitions such

that then or or is an -transition.

□

B

′

t i

i

i

i b ox

b ox

^ ^

^

^

⋂

⋂

⋂

1 2 1 2

1 2 1 2

1 2 3 1 2 3

1 2 3

5

Prop osition 5.3

Pro of.

E

F

A

A A

A

i

A

A

i

A

A

A

i

A

A

A

i

A

A

A

5

( )

( )

( ; )

2

=1

( )

2

=1

[ ]

3

=1

1 2 3 1 2 3

B

• •

B

′

′

• • ∘ • • ∘ ∘

B

∘

B

• • ∘ • • ∘

′ ′

′ ′

B C

B C

B C

B C B C

B B B B

B

B ‖B B B

B

B ∗B ∗B B B B

B

B B B

B

B

∅

B ‖ ∗ ∗

∈ ∈ ∈

B

∈ ∈

∈

B

∪ ⊆ B ∪ ⊆ B B ∈

B ∈ B B

B ‖C ≃

B ‖C B C

B C

B ‖C ≃ B ‖C

B C

Z W

∈ Z ∈ W ∈ ∧ ∈ ∈ ∧ ∈ ∈

∈ ∧ ∈ B C

B ‖C ≃ B ‖C

A −

B

∩

∩

∩

⊆

∉ ∈ ∈ ∈

B ∗ B ∗ B ∪ ≃ B ∗ B ∗ B t ▷ ◁ uδ u u

E

E F G E F G E F G H v w ▷ ◁ uδ

E F G

v F w G u F

E F ı G v w ▷ ◁ uz z

ı w ex G

v , w F u F v w ▷ ◁ uδ

u G E u

ex

t u

w u w u w t,

t, u w u w u w ex

t u

ı

t u A

A t u

A t u t u

A A

t u A

t u t u

A Z , W

a Z W a Z a W a Z a W c A

c Z c W A ,

, .

A A

a a

i , , A

.

a A a A a a i , ,

A A.

Note that if is derived from a synchronis atio n-free expression, then in the formulation of prop ositio n 5.1(2) it do es

not matter whether is lab elled by a communication or internal action.

b ox b ox b ox

b ox b ox

b ox b ox

b ox

const

const

a a

sy

sy sy a

sy sy sy a

a

ccall ccall

cov

covall cov ccall ccall

sy sy sy a

covall covall a

c

max

sy covall max

sy

max

sy covall max

sy

max

sy covall max

sy

covall max

sy

sy a sy

W e observe that (i) follows from the fact that all transitions in derived from a synchronisation-free

expression are simple. Thus would imply

, also due to prop osition 5.1(2a,2b), = = , a

contradiction.

Part (ii) can b e proved by induction on the structure of the synchronisation-free expression gener-

ating . In the cases when = ; or = or = [ ], one can conclude that

is simply imp ossible to satisfy

. Supp ose = . W e consider two cases:

Case 1: ( ) and ( ). Also, without loss of generality

, let ( ). Consider

a slightly mo dified expression, = ( ) . Then we have where is the only

transition of ( ). Hence, by prop osition 2.2, is an -transition in ( ) and so also in .

Case 2: ( ). If ( ) then we have and can use the induction

hyp othesis. If ( ) then we consider the same as in the first case to conclude that is an

-transition in .

(2) Since is not a simple transition, it must have arisen as a synchronisation of two transitions and

with conjugate lab els and satisfying and . Moreover, by ( )

and ( ) , = = and = = . Hence and are -transitions.

The basic idea b ehind the structural characterisation of maximal synchronisation sets is that one can

apply an -synchronisation, without losing duplic ation equiv alen ce, if for every pair of –synchronisable

transitions and it is p ossible to find a duplicate of their synchronisation in at least one of two

different ways: as a syntactically generated -transition, or as a synchronisation of two transitions

with the same connectivity as and . T o make the latter p oint explicit, supp ose that ( )

( ) . Then, if is a transition in and is a transition in then we must b e able to find

-synchronisable transitions, in and in , with the same connectivity as resp ectively and .

In other words, a necessary condition for ( ) ( ) to hold is that for every pair of

–synchronisable transitions and from resp ectively and , there is a pair of –synchronisable

transitions, and , which have the same connectivity as resp ectively and . W e can express this

rather conveniently using the sets and and some auxiliary notation. Let and b e two

sets of sets of actions and b e a synchronisation set. Then ( ) is the set of all communication

actions such that if and satisfy or then there is

such that . Define, for a synchronisation set and b oxes ,

= ( )

W e then observe that the ab ove necessary condition for ( ) ( ) simply amounts

to saying that and b elong to . Note that for the nets in figure 6, = .

Characterising maximal synchronisation sets is rather straightforward in the case of sequential, parallel

and iteration comp osition.

Let ( = 1 2 3) b e b oxes and b e a synchronisation set. Then

=

=

and =

W e only consider the most complicated case, viz. iteration. T o show the ( ) inclusion, supp ose

that (clearly

, if then and , for = 1 2 3) and

[ ] ( ) [ ] i

□

^

^

^

^

^

^

b ox b ox

1 2 3

1

2 3

1 2 3

1 2

1 2

1 2 1

2 i i i

i

A

A

A

A

A

A A

A

A

E X E X

A

A

A

A

A A

A

A

A

A A A

A A

F G

1 1 1 1 2 2 3

2 3 1 2 3

1 2 3

1 1 1 2 2 3

1

1

1 2

( ) ( )

;

1

2

( )

( )

0

( ) ( ) 0

0

∘ ∘ ∘ ∘ ∘ ∘

B

B B B

∘ ∘ ∘ ∘ ∘ ∘

N

B

≃ ≃ B

B B

B B B

N M

N M N M

M

N ∪M D D

D

∘

D

∘ • •

N ∪M M

N ∪M ∪

B B B

B

B C ∅

B ∅

B C B

B

′ ′

′

′

B

B B

B C

B C C B

B C

B C C B

B C

B C

B

B C B C

∅

B C

N B { B D B B D B } D B M

N M B B D D D

B ∗ B ∗ B ∈

∈

B ⊗ D B ⊗ B ⊗ D ⊗ B

N ∪ M N

M ∪

∈ N ≃ B B B

∈

B B ∈

∈ ∈

∈ ∈ × ∩

∈ × ∩

M M

∉ M ∈ ∈

∈ ∈

∈ − D ∈ − D ∈ ∈

∈

⊙ ≃

⊆

∅ ∈ ∩

B

B

B ‖ C ∈

∉ B C

∈ ∉

B C ≃ B C

C B

B U

∈ B

C B C

B

{ | ∈ U } B C

{ } ∩ { }

∩

{{ } { }} A − A − A

∈ ∈

, , , , , , ,

, , , ,

a

i , , a

E X

w

E X A w A

E X

a

a

a

a a

a t, v T T

u, w T T t ▷ ◁ u v ▷ ◁ w

v T E X t T y , z T

tv ▷ ◁ y z y T z T

s S r S s v p v

tv ▷ ◁ y x T

t v x

A a

a a

ex

ı a a ı a

a

a a

A A t u

t u u ex ex u

t

U

t U u u ▷ ◁ δ t

t ex

λ U U A

, ,

, ,

, .

a, b , c

E F G

a a a e i

max

sy

covall

sy sy

max

sy

i max

sy

i max

sy

max

sy max

sy

covall syn

a

syn

sy

sy a

max max

sy

max

sy

b ox b ox max

sy

max

sy

max

sy b max

sy b max

sy sy sy a

ccno ex

covno ex cov ccno ex

sy ex cov ccno ex

sy ex

covmix cov ccint ccall cov ccint ccall

covint cov ccint ccint

covall ccno ex

covno ex a

c covmix b

c covint

Exp

ex ex Box

Exp

Let = : ( ) ( ) where each is a copy of (in the same way as

was a copy of in the definition of the iteration op erator). Moreover, let = ( ) : Δ

b e the union of all the remaining nets in the definition of [ ]. W e will show that ,

for = 1 2 3, and using the results and notation from section 3.1.1.

Let = and = . W e observe that A1-A5 hold by the definition

of the iteration op erator and prop osition 5.1(1,2). T o show that A6 also holds, supp ose that is

an -transition in ( ) . It is easy to see that then b elongs to b ecause every

transition in is connected to at least one place not in .

Since A1-A6 hold, by prop osition 3.10, we have . Moreover, , where is with

the lab el of each exit place changed to . Hence . W e then observe that, by prop osition

5.1(3), [ ] is [ ] with the lab el of every exit place changed to . Hence . In a similar

way , one may show that and .

T o show that supp ose that ( ) ( ) . It suffices to show that there

are ( ) ( ) such that and (note that the op erations of place

multiplication and addition do not affect the relationship of having the same connectivity

, and that by

construction of the iteration op erator it is not p ossible for two transitions coming from different nets

forming to have the same connectivity in ). T o b e able to apply prop osition 3.11, we first observe

that since no transition in is an -transition. Supp ose then that and

are such that . Then, without loss of generality

, and . Consequently ,

there are and such that and , a contradiction. If we assume

that then a contradiction follows in a similar way

. Hence there is no such

that . Hence prop osition 3.11 can b e applied.

Thus the ( ) inclusi on holds. The reverse one follows from prop osition 3.8.

Note that by setting = we immediately obtain that, e.g., is the set of all

such that if a transition lab elle d or app ears in then there is no transition with the

conjugate lab el in .

A similarly pleasant characterisation do es not hold for the choice comp osition. One of the reasons

is that a synchronisation of –transitions can sometimes b e obtained by a syntactically intro duced

-transition. F or example, if = ( ) and = ( ) then we have but

. Another example is provided by the b oxes and in figure 6 for which we have

but = . Note that if we were to rep eat our previous discussion

for ( ) ( ) then it would no longer b e true that and had to have the same

connectivity as and if, e.g., is an –transition in since in such a case an –transition in

could provide a suitable ‘match’ for .

The characterisation of the maximal synchronisation sets for the choice comp osition is more compli-

cated. F or a b ox , let b e the set of all sets of internal choice context transitions such that if

then there is no transition in satisfying . Intuitively

, this means that if we were

to synchronise with a conjugate -transition coming from the b ox in the context then the

resulting transition would not have the same connectivity as any of the transitions present in . W e

then define = ( ) and, for all b oxes and and a synchronisation set ,

= ( ) ( )

= ( ) ( )

and = ( )

The ab ove definitions closely follow that of . F or the nets in figure 6, we have =

, = , = and = .

W e intro duce a syntactic restriction on the typ e of expressions used to derive b oxes. W e will denote by

those b ox expressions for which there is no sub expression and a communication action

such that and . By we will denote b oxes which can b e derived from

the b ox expressions in .

i

⋂

^

□

□

1 2

1 2 1 2

1

2

1 2

1 2

1

2

1 2

1 2

0

0

1 2 0

2

=1

1 1 2 1 2 2 1 2 1 2

1 2

1 2

1

( )

A A

A A

i

A

E X

A A

A

A A

A

E X

A A

A A

A

E X E X

A A A

A

A

A A

A

Prop osition 5.4

Pro of.

Prop osition 5.5

Pro of.

• • • •

B B B

B

B B B B

B

∘ ∘ ∘ ∘

∘ ∘ ∘ ∘ ∘ ∘ ∘ ∘

B

D D

N B

B

N M B B

N N M M

N M N M

N M B B

N B

M B

N M N M

B ∪ M M

N M

N M

B B

N M

N M N ∪M

N M N M

M B M

B B

N M

B

B

B

B B B

∩ ∪ { } ⊆ ∩

∩ ∩

N M N M

N B { B B B B } M B { B B B B }

B B N ∪ M

∈ ∉ ∈

∩

D ∈ {B B B }

∈ N ≃ B ∈

∈

∈ ∈ − × − ∩

∈ × ∩

∉

∈ ∈

∈ ∈

∈ × ∩

∉ ∈

⊙ ≃ ∈

⊆

∈ × ∩

∉ ∉ ∈ ∈ × ∩

∈ ∉ ∉ ∈

∈ ≃ ∈

∈ ∈

∈ ∈ t u t u t u

ı

A A

A ı .

.

E X

, , , , , , , , , , .

a a A a A a

T T

, A, A

a a

a

a t, v T T

u, w T T t ▷ ◁ u v ▷ ◁ w

t, v T

a t

a v U a

u, w T T t ▷ ◁ u v ▷ ◁ w

v T t T

t v x x T v δ ▷ ◁ x v

t, v T T a

t v a u, w T T

t ▷ ◁ u v ▷ ◁ w tv ▷ ◁ uw

t v t v

z T tv z U

t U a u

w

t v

Box

Box

sy Box

ex ex

sy ex

sy

max covno ex covint max

sy

e x e x

max

EX

sy sy

max

sy max

sy

max

sy

covint covint EX EX syn

a

syn

covno ex covno ex EX EX

ccno ex

sy ccno ex

sy

syn

sy a sy sy

syn

a

EX EX covint syn

EX EX EX EX

sy ccno ex

sy

covno ex

EX EX

Let b e a b ox in .

1. There are no transitions and in with conjugate lab els and satisfying = and = .

2. There is no -lab elled transition in such that all the arcs adjacent to it have weight 2.

(1) By straightforward induction on the structure of the expression generating b oxes in .

(2) F ollows immediately from the first part.

W e then obtain a partial characterisation of the maximal synchronisation sets of b oxes involving choice

comp osition.

Let = ( ) b e a b ox in and b e a synchronisation set such that

( ) (3)

Then

=

Using notation from section 3.1.1, let = = and = = , where

= : ( ) ( ) and = : ( ) ( )

Note that = .

Supp ose that and (if then clearly b elongs to the rhs of the equality from the

formulation of this prop osition). Using prop osition 5.1(1,2) and the definition of the choice op erator,

one can see that A1–A5 are satisfied. Moreover, A6 holds which follows from (3) and = ,

for (note that the latter follows from prop ositions 5.1(1) and 5.4(2)). Hence,

by prop osition 3.10, . Since , we have and, by symmetry ,

.

T o show = we need to prove that if ( ) (( ) ( ))

then there are ( ) ( ) such that and . This, however, follows

directly from prop osition 3.11 (note that ).

T o show = , by symmetry

, we only need to prove that if =

is an -lab ell ed transition, and = is an -lab elled transition

then there are ( ) ( ) such that and . This, however, follows

directly from prop osition 3.11 (the prop osition can b e applied since , and if and

where then , contradicting the choice of ).

W e have shown the ( ) inclusion. T o show the reverse one, we use corollary 3.9. That it can b e

applied is shown by the following argument. Supp ose that ( ) ( ) , where b elongs

to the rhs of the equality from the formulation of this prop osition. W e consider three cases.

Case 1: and . By , there are ( ) ( ) such that

and . Hence .

Case 2: and (note the argument is symmetric for and ). If it

is not the case that there is such that then there is such that

and we can use the fact that to reach the desired conclusion, i.e. to find and

as in Case 1.

Case 3: and . This pro duces a contradiction with prop osition 5.4.

W e finally observe that the v arious sets of communication actions intro duced and used in this section

are preserved through duplication equiv alence and synchronisation.

□

□ b ox

b ox

^

^

^ ^

{

^

^

( )

( )

( ) ( )

6 Bo x expressions

B D

B C D E

B C B C

B C B C

∅

B C

∅

B C

‖

‖

Prop osition 5.6

Prop osition 6.1 duplic ation e quivalent

p otential

A A

A A

B , C

A A

B , C

,

E E

E

E

β

E F

E F F E

E F E F

E F E F

E A E

E A

E

E

E

E

E

E

E E

E

a b a b

B C D E B ≃ D

C ≃ E

∈ { }

∈ { }

∈ { }

B

C A ∉

≃

≃

≃

≃ ∪

≃ ⊆ ≃

≃ ≃ ≃ ∪

≃ ≃

{ } ∩ ∪ ∩

∪ ∪

∪ { } ∩ ̸∅

∪

A B C

, , ,

, , ,

, ,

a

a a ı a

E F E F

E F E

E F A B

E A B E A B

E E B A B E E A

E E A E E B E E A B

E F A E E A

ex

E

E

β

ı A

ı ex set set set ex ccall ccint ccno ex

set set set covall covmix covint covno ex

set set

sy sy set covall covmix covint

covno ex covno ex

sy sy b ox

b ox covno ex

sy a covno ex

b ox b ox

max max

sy sy sy

sy sy

sy sy sy

sy sy

ex p otex

ex p otex ex ex ex ex

ex ex ex p otex p otex p otex

p otex

sy p otex

ex

sy ex p otex

ex

ex p otex ex

ex p otex

p otex p otex a b

Let , , b e synchronisation sets and , , , b e b oxes such that and

.

1. = for .

2. = for .

3. = for .

Note that = do es not, in general, hold. F or example, if = ( ) and

= ( ( ; )) then = but .

W e now transfer the notion of duplicati on equiv alence formulated for b oxes to the domain of b ox

expressions. Two b ox expressions, and , are if ( ) ( ). W e denote

this by . The maximal synchronisation set of a b ox expression is defined as = .

Clearly

, many prop erties of duplication equiv alen ce that hold for b oxes can b e transferred to b ox

expressions. In particular, we immediately obtain that is a congruence in the domain of b ox

expressions.

Moreover, directly from prop ositions 3.4 and 3.5 we have the following.

Let and b e b ox expressions, and and b e synchronisation sets.

1. ( ).

2. If and then .

3. If and then ( ).

4. If then .

The main aim of this pap er is to axiomatise duplication equiv alence of b ox expressions. When we

approached this problem, it so on turned out that a crucial difficulty which had to b e solved was the

development of a structural characterisation of maximal synchronisation sets, b oth in order to obtain a

set of sound axioms and to define normal form b ox expressions needed for a completeness pro of. Such

a characterisation is based on that obtained for b oxes; we therefore define the expression counterparts

of –transitions and choice context transitions as well as other notations intro duced in the previous

section. F or a b ox expression , let and b e sets of actions defined by induction on the

structure of , as follows:

= = ( ) ( )

= =

=

= if =

otherwise

In all the remaining cases, and are defined as empty

. The meaning of is that of

. The auxiliary set represents -lab elled -transitions which can b e generated

by applying synchronisation using the actions in . F or example, = .

{

^

⋂

□

□

□

∗ ∗

‖

X Y

( ) ( ) 0 0

( )

[ ]

;

( ) ( )

( )

( ) ( )

( ) ( ) ( )

( ) b ox b ox

b ox

b ox b ox

b ox

b ox b ox

b ox b ox b ox

∅ ∪ ∪

∪ ∪

∪

∪ { ∩ A} ∩ A ̸∅

∪

{ ∈ | ∩ ∩ ∅}

{ } ∩ { }

∩

{ | X Y ∈ { }}

∈ { }

∩ ∪ { } ⊆ ∩

E λ T T

t, u E

tu ▷ ◁ δ

E

E

E

.

C C A

E

E

E F G A

,

, ,

, ,

,

, E , F , G

E , F G A

, , ,

E

E F

A

A ı .

Prop osition 6.2

Pro of.

Prop osition 6.3

Pro of.

Prop osition 6.4

Pro of.

E E E E

E

E E

β E F G E F G

E F E F E F E F

E F E F E A E

E

E E E

E

E

F G F G

F A F F

E E

E E E E E

E

A

E F

A

E F

A

E F

A

E A F

A

F A E

A

E F

A

E F

A

F E

A

E F

A

E F

A

E F G

A

A

E F

A

E F

A

E F G

A

E F G

E

E F

E F A E A F A ex ex p otex

b ox

ccint ccall

ccint ccint ccall ccall ccall

ccint ccint ccint ccint ccall ccall

ccint ccall ccall ccint

sy ccint

ccall ccint ex ex

ccint

ccno ex

ccno ex ccno ex ccno ex

ccno ex

sy ccno ex ex

ccno ex ccint

ccall ccall ccint ccint ccno ex

ccno ex

covall cov ccall ccall

covno ex cov ccno ex

sy ex cov ccno ex

sy ex

covmix cov ccint ccall cov ccint ccall

covint cov ccint ccint

covall covall

set set set covall covint covmix covno ex

covall covall

max

simex

ex

sy ex

sy ex

sy

F or every b ox expression , = and = ( ), where

is the set of all transitions in ( ) lab elled with conjugate communication actions such that

.

By induction on the structure of .

W e next turn to choice context transitions. F or a b ox expression , let and b e two sets

of sets of communication actions defined by induction on the structure of , as follows:

= =

= =

= =

= if =

otherwise

Moreover, we define a set of sets of communication actions , as follows:

=

and = =

and by setting = in all the remaining cases.

F or every b ox expression , = , = and =

.

By induction on the structure of and using prop osition 6.2.

Let , and b e b ox expressions and b e a synchronisation set. W e define:

= ( )

= ( ) ( )

= ( ) ( )

= ( )

and = . The sets of communication actions we have just

defined are direct counterparts of similar notions intro duced for b oxes.

Let and b e expressions and b e a synchronisation set.

1. = , for .

2. = .

F ollows from prop ositions 6.2 and 6.3.

As a result, we can capture the relationship b etween and the structure of by adapting the

results obtained for b oxes. Below, for a pair of expressions and , denotes the set of all

synchronisation sets such that

( )

□

□ i

i

i

i

i

k

⋂

⋂

⋂

⋂

^

⋂

^

‖

∗ ∗

∘ ∘

∘ ∘ ∘ ∘

∘ ∘

B ∪B ∪B

B ∪B

∘ ∘

N N M

1 2 1 2

1 2 1 2

1 2 3

1 2 3

1 2

1 2 1 2 1 2

1 2

1 2

1 2 3

1 2 1 2

1 2

1 2

1

Prop osition 6.5

Pro of.

Prop osition 6.6

Pro of.

Prop osition 6.7

( ; )

2

=1

( )

2

=1

[ ]

3

=1

1 2

0

( )

2

=1

1 2

0

2

=1

1 2 1 2 3

3 1 2 1 2

1 2 1 2

1 2 3 1 2 3

1 2 1 2 3

1 2

1 2 3

( ) 1

1

0

( ) i

E E A

A

E E

i

E A

E E A

A

E E

i

E A

E E E A

A

E E E

i

E A

E E

E E A

A

E E

A

E E

i

E A

E ı E E E

A

E E

i

E A

i i

E E

E A E A

E X

A

E E

E β ... β A k

k

E

E E A ı

i

E i , , A

.

E E A A

.

E E E A a

a

a .

ı E i ,

s, , , r , ,

s r s r

A A

A A

A A ı t

u, w

δ ▷ ◁ uw

E X

E X A A

a a

t, v T T

t, v T a

a a β , . . . β

E β . . . β

E a

E a a

β ı i k

∩

∩

∩

∈ ∈

∩ ∩

‖

∈ − ∩ ∩ ̸∅

∈ ∩

B B | B | |B |

B ‖B B B ∪ B ∪ B

B B ⊕ { B ∪ B B ∪ B }

{ } B { } B

B ∪ B ≄ B ∪ B ∪

B ∪ B ∪ B ≃ B ∪ B ∪ B ∪

B ∪ B B ∪ B ∪ B ∈

B ∪ B

∩ ∩ ̸∅

N B M B ∪ B N N

N ∪ M N

∈ ∈

∈ − × ∩

∉ ∈

∈ A ∈

∈

∉ ∈

≤ max

sy covall max

sy

max

sy covall max

sy

max

sy covall max

sy

sy Exp simex

max

sy covno ex covint max

sy

sy Exp

max max ex ex a

covmix max

sy

b ox b ox

e x

sy sy a

sy sy a

sy sy EX

a

ex ex a

sy sy

max

sy max

sy

EX syn

a

covmix

max

sy

Exp

max

max max

sy

Let ( = 1 2 3) b e b ox expressions and b e a synchronisation set. Then

=

=

and =

Moreover, if ( ) and then

=

F ollows from prop ositions 5.3, 5.5 and 6.4.

The ab ove characterisation of maximal synchronisation sets of expressions involving the choice op erator

is only partial. F or that reason, we will now provide two results on sp ecific usages of choice comp osition.

Let = ( ) b e a b ox expression in and b e a communication action

such that . Then = and

Let = ( ) and = ( ), for = 1 2. Since = = 1, we may assume that

( ) = where

= ( ) ( )

and and are places satisfying = and = . W e have

( ) ( ) ( )

and ( ) ( ) ( )

Since ( ) and ( ) differ only by a single –lab elled transition ,

from prop osition 2.4(2) it follows that there are must b e –synchronisable transitions in

such that . Hence = .

T o prove the second part, we again refer to the results and notation from section 3.1.1, and define:

= , = , = and = . It is easy to see, using prop osition 5.1, that A1-A5

hold. Moreover, the only -transitions (if any) in ( ) are those in . Hence A6 also

holds and, by prop osition 3.10, we obtain that and, by symmetry

, that .

W e can also observe that prop osition 3.11 can b e applied for ( ) (( ) ) since

then . F rom this, and by symmetry , .

Let b e such that where are actions and

is an expression in .

1. If the topmost op erator of is sequence or iteration then .

2. If the topmost op erator of is parallel comp osition and then and

= , for some .

□

□

1

1

1

1 k

k

k

k

b ox b ox

1 1

( )

( )

( )

( )

( ) ( )

Pro of.

Prop osition 6.8

Pro of.

∘ ∘

∘ ∘

∘ ∘

B

D ∪ ∪D N ∪

B D ∪ ∪D N ∪

D ∪ ∪D N ∪

• ∘ • ∘

′

∘

∘

′

∘

∘

• • ′ ′

∘

∘

∘

•

• ∘ • ∘ •

∘

•

∘

∘ • • ∘ • • • • i i i i

k k

i i i i

i i i i i i

E

E β ... β A

... A

... A

... A

F G

i i

E A ı

E G

E E A

A

E F

A

GH

A

E F

A

E B , F C

E F GH

B B | B | |B | ≤

N B ∪ D ∪ ∪ D

D B ⊕ { B B }

{ } B { } B

N

∼

N ∪ ∉ ∈

∈ ∈

∈ ⊙ ≃

∈ ∈ ⊙ ≃ ⊙

∈ ⊙ ≃ ⊙

⊙

⊙

N ∪

B B

F { }

G { }

F G

⊗ ∩ ̸∅

∗ ∗

‖

⊆ ⊆ ⊆ ⊆

B ⊆ ∪ B ⊆ ∪ ∈ ∈ ∅

B

∈

≃

≃

∈ { }

∈ { }

∈ { }

∈ { }

E β i , . . . , k i k

E β . . . β . . .

i , . . . , k

s , , , r , ,

s r s r

A A a a

t, u T t, u

w T t u w

v T w T t u v w

v , w T t u v w

v w

E F G t u

A

w w t

F u G v

F E F F , G ,

G F , G , s E

u s v

F G F v

E F G H

E F G

t F u G t F u G

t u t u t u v v

β ı i w

a

A B C E F G H E G

F H

, , ,

,

, , ,

, , b ox b ox

b ox

e x

sy sy a max

max

sy syn

a

sy a

sy a

sy a

sy a

b ox b ox

b ox b ox b ox b ox b ox i

b ox b ox b ox i b ox

b ox b ox b ox

b ox b ox b ox b ox

EX EX

max

sy

set set set ex ccall ccint ccno ex

set set

sy set ccall ccint

set set set covall covmix covint covno ex

set set

sy sy set covall covmix covint

simex simex

Let = ( ) and = ( ) for = 1 . Since = = 1 for every , we

may assume that

= ( ) =

where in the ab ove, for = 1 ,

= ( ) ( )

and and are places satisfying = and = .

By prop osition 3.5(3), = ( ). If then, by prop osition 2.4(1,2) and

, there are such that ( ) and one of the following holds:

(a) There is such that .

(b) There are and such that .

(c) There are such that .

Clearly

, (c) is imp ossible b ecause the weights of all the arcs adjacent to would b e equal to 2,

contradicting prop osition 5.4(2). W e then consider three cases.

Case 1: = ; . Then (a) leads to a contradiction since is connected to at least one internal

place in ( ). That (b) also leads to a contradiction can b e shown in the following way

. Since

= and = it must b e the case that, without loss of generality

, is a transition from

( ) and is a transition from ( ). Then, again without loss of generality

, is a transition

from ( ). Note now that ( ) is the union of = ( ) : ( ( ) ( ) ) and

= ( ) : ( ( ) ( ) ) and observe that there is a non-entry place in ( ) which

is also in . Hence, also has to b e in . But the only places shared by and are those in

( ) ( ). This means that ( ) = , a contradiction.

Case 2: = [ ]. W e pro ceed similarly as in Case 1.

Case 3: = . Then (b) leads to a contradiction since we obtain from prop osition 5.1(2) that,

without loss of generality

, ( ), ( ), ( ) and ( ) . Moreover,

and . Hence and . But this means that = = .

If (a) holds then, clearly

, = , where is such that is the only transition of . Moreover,

can b e shown easily using prop osition 2.4(2).

W e end this section with a useful result which states that the v arious sets and relations intro duced in

this section are preserved through duplication equiv alence and synchronisation.

Let , , b e synchronisation sets and , , , b e b oxes such that

and .

1. = for .

2. = for .

3. = for .

4. = for .

5. = .

F ollows from prop ositions 5.6, 6.2, 6.3 and 6.4.

6

6

0

0

0

‖ ‖ ‖ ‖

‖ ‖

∅

∪

‖ ‖

∗ ∗ ∗ ∗

A

7 An axiomatisation of dupli cation equiv alence

sy

sy

sy sy sy

sy sy sy sy

sy sy sy sy

sy sy sy sy

sy sy sy sy sy

Exp

Exp

Exp β

A B a

E F G E F G

E F G E F G

E F F E

E F G E F G

E F F E

β β A

E E

E A B E A B

E F A E A F A A

E F A E A F A A

E F A E A F A A

E F G A E A F A G A A

β β β

ex ex

W e can therefore omit the parentheses in nested applic atio ns of sequence, choice and parall el comp osition op erators.

STR1 STR5

STR1

STR2

STR3

STR4

STR5

PROP1

PROP2

PROP3

PROP4

PROP5

PROP6

PROP7

DUPL

PROP1 PROP7

DUPL

EX

LIFT1

LIFT1 LIFT4

INT1 INT2

Structural Identities.

Propagation of synchronisation.

Duplicati on.

-actions.

Lifting of synchronisation.

Internal actions.

The axioms for duplic ation equiv alen ce of b ox expressions are structured into six groups. Below,

stands for an arbitrary action, and for synchronisation sets, and for a communication action.

The first group of axioms ( - ) capture some basic structural iden-

tities. The axioms are sound not only with resp ect to duplication equiv alenc e, but also with resp ect

to net isomorphism. What they express is that the choice, parallel and sequential comp ositions are

asso ciative , and that the first two are also commutative op erators.

( ; ); = ; ( ; )

( ) = ( )

=

( ) = ( )

=

=

=

= ( )

( ; ) = (( ); ( ))

( ) = (( ) ( ))

( ) = (( ) ( ))

[ ] = [( ) ( ) ( )]

=

The first two of the next group of axioms ( - ) express

simple (structural) facts ab out synchronisation, namely that applying synchronisation to a single

action expression, or using the empty synchronisation set, has no effect at all. The third axiom allows

one to collapse consecutive applications of the synchronisation op erator. The remaining four axioms

amount to saying that synchronisation propagates through the four comp osition op erators.

This group comprises only one axiom ( ). It captures the essence of duplication

equiv alence whereby a choice b etween two copies of the same action is ignored.

The next axiom ( ) is used to deal with –actions as it allows these to b e moved within

a b ox expression. This is necessary

, in particular, in order to make an expression with the main choice

comp osition connective satisfy the first of the premises in the next axiom ( ).

The following four axioms ( - ) allow one to lift synchronisa-

tion sets to a higher level in the syntax tree of a b ox expression. The main application of these axioms

is in the construction of maximal synchronisation sets.

The last axioms ( - ) capture two different ways in which a syntactically

generated internal action can find its duplicate generated through synchronisation.

F rom now on we restrict ourselves to the b ox expressions which b elong to . Note that by applying

any of the axioms to a b ox expression in one always pro duces an expression which also b elongs

to . W e will also assume that the set of communication actions is finite.

^

^ ^

^

∈ ⇒ ∀ ∈ ∉

∈ ∈ ∩

∈

∈

‖ ‖

∈

∗ ∗ ∗ ∗

‖ ‖

∈ ∩ ∩

‖ ‖

E A

E , F

A

E F

A

E ,F

A

E F

A

E F

A

E F G

A

E F

E F

EX

LIFT1

LIFT2

LIFT3

LIFT4

INT1

INT2 β A B β B

E A β E β A

A a

E F A E F A

a

E F A E F A

a

E F A E F A

a

E F G A E F G A

E a F a ı E a F a

a

E F A ı E F A

:

( ) = ( )

and

(( ) ( )) = ( )

(( ); ( )) = ( ; )

(( ) ( )) = ( )

[( ) ( ) ( )] = [ ]

((( ) ( )) ) = (( ) ( ))

((( ) ( )) ) = ( ) ccno ex

sy

sy sy

simex

sy a sy a covint covno ex

sy a sy a

sy a sy a sy sy sy a

covall

sy a sy a sy sy sy a

covall

sy a sy a sy sy sy a

covall

sy a sy a sy a sy sy sy a

sy a sy a

covmix ex ex

sy a sy a sy sy sy a

□

ℵ ℵ

ℵ

0

0

1 1

E

n n

i i

i

ij

i j c ontext

-c ontext

Theorem 8.1

Pro of.

≡

≡ ≃

≃

∉

≡

ℵ

ℵ | ℵ ℵ | ℵ‖ℵ | ℵ ℵ | ℵ ∗ ℵ ∗ ℵ

ℵ

ℵ ℵ

ℵ ≤

≤

ℵ ‖ ‖

8 Soundness of the axiom system

9 Completeness of the axiom system

Exp

sy

covint

sy sy

sy sy

Exp sy max

sy sy sy sy sy

sy

sy

sy a sy c sy d sy e sy f

E F

E F

E E F E F

E β β

E β A β E β A

β A

E A β E β A

E E E

x A A A A A

A x

n n

x , . . . , x x , . . . , x

i n A A

i x i, j n

A A x x A

x, y , z x y z

STR1 STR5

PROP1 PROP2 DUPL

PROP3 PROP4 PROP7

LIFT1 LIFT4 PROP4 PROP7 EX

INT1 INT2

EX DUPL STR2 EX1 EX2

EX1

EX2

The first prop erty of the axiom system we establish is soundness. Using the results obtained for nets

and, in particular, the structural characterisation of the maximal synchronisation sets, it is fairly

routine to show that the axiom system is indeed sound. If two b ox expressions, and , can b e

shown to b e equiv alent using these axioms, we will write .

F or every b ox expression in , if then .

As shown in [2], duplic ation equiv alence is a congruence with resp ect to all the op erators used

in this pap er. Hence it suffices to show that each of the axioms is sound. This is true for -

(since these are sound w.r.t. net isomorphism), , and (which follows directly from

the definition of , and ), (using prop osition 6.1(1)), - (using prop osition

3.7 and the prop erty that synchronisation distributes over place multiplication and place addition),

- (using prop ositions 6.8(4, for ) and 6.5, as well as axioms - ) and

(using prop ositions 2.4(2) and 6.2), and (using prop osition 2.4(2)).

Note that , and imply the soundness of two useful derived axioms, and ,

where in the former can b e equal to .

(( ) ) = ( )

( ) = ( )

The pro of of completeness is much more involved and is structured into two parts. The first one

deals with maximal synchronisation sets showing that it is always p ossible to make the maximal

synchronisation set of a b ox expression the outermost synchronisation, i.e., for every b ox expression

in , . The pro of of this result relies heavily on the structural characterisation of

the maximal synchronisation sets of b ox expressions. The second part b egins with the development

of a normal form for b ox expressions and ends up with the completeness pro of.

W e first intro duce an auxiliary notion of context. A is a term derived from the following

syntax:

::= ( ) ( ) ( ; ) [ ]

where is a synchronisation set and is a place-holder (v ariable). It is assumed that within a given

context, all the place holders are distinct. An is a context with exactly place holders.

It can b e denoted by [ ], where are the place-holde rs of listed in the order in

which they o ccur in . F or every we will denote by the synchronisation set such that

was the synchronisation directly applied to the -th place-holde r, i.e., . Moreover, for all we

will denote by the union of all sets such that and are in the scop e an application of .

F or example, if

[ ] = (((( ) ( )) ) ( )) k k

′

ℵ

□

□

□

^ ^

^ ^ ^

ℵ ℵ ℵ

′ ′ ′

ℵ ℵ

ℵ ℵ

ℵ ℵ

2 22 12

1

1 1

1

1

1

1

1

0

1 1 satur ate d r e duc e d

standar d form n

n n i

n

n

n

n

n ij ij

E

E

E

F

G

n n

i i

i ii

E A

k k

k k

9.1 Constructing maximal sync hronisation sets

Prop osition 9.1

Prop osition 9.2

Prop osition 9.3

Pro of.

PROP2

PROP3 PROP4 PROP7

DUPL STR2

EX1

INT1 PROP3

EX2

STR2 STR3 EX1

∪ ∪ ∪ ℵ

ℵ ℵ

ℵ ⊆ ∩ ∅

ℵ ℵ

ℵ

ℵ ⟨ ⟩ ⟨ℵ⟩

⟨ ⟩

‖ ∪ ⟨ ⟩ ‖

⟨ ⟩

⟨ ⟩ ≡

ℵ

ℵ ≡ ℵ ⟨ℵ⟩ ⟨ℵ ⟩

≤

‖ ≡ ‖ ∪

≡ ∅ ‖

∈ ≡

≡

⟨ ⟩

{ } ≡

∗ ∗ ∅

‖ ∈ ∈

∈ ≡ ≡

≡ ‖ ≡ ‖ ≡ ‖

ℵ ≥

≡ ℵ ℵ

≤

≤ ℵ

≤ ∈

≡

≡ c c d f d f

sy sy

sy a sy a c sy a

sy a sy c sy a sy a sy a c sy a

sy sy c sy a

Exp ex

sy ex sy sy

sy sy ex

sy ex ex

ex

sy a sy sy a sy sy a sy

sy

ex ex

sy

sy sy

A A A p , . . . , p

x , . . . , x p , . . . , p p

p , . . . , p

. . . . . . A . . . B

B A B A

E E β , . . . , β n

β , . . . , β E

E E

E E

a b E a b

F

E F E

F E F

E E , . . . , E

n E E , . . . , E A A

i, j n

E a b E a b

E a b

ex

E β E E β

E F β F

E E

E β A β β A β A β

E F G A E F G H A

E F G A β ı a A a

a F F a G G a

E F a G a A F a G a ı A F a G a A ı.

E F G A n n

E , . . . , E E E , . . . , E

i n E E

A A i n

k n β

E A E A β

E H β H then = , = and = . W e will use [ ] to denote the term resulting

from replacing the place holders by terms . Note that if each is a b ox expression

then so is [ ]. A context is ( ) if, for every sub context

( ( ) )

of , we have (resp. = ).

A b ox expression is in if = [ ], for some -context and actions

. Moreover, is saturated (reduced) if is saturated (resp. reduced). F or a b ox expression

(or context ), we use (resp. ) to denote the term resulting from deleting all the o ccurrences

of the synchronisation op erator. Note that is always a b ox expression. F or example, =

(( ) ( ( ))) is a saturated b ox expression in standard form such that = .

It is always p ossible to transform an expression into one in standard form, saturated or reduced. In

the first of the two results that follow, a suitable can b e obtained by applying axioms and

, and in the second one by applying axioms - .

F or every expression there is an expression in standard form such that =

and .

Let = [ ] b e a b ox expression in standard form. Then there is a

saturated (resp. reduced) -context such that [ ] and = and = ,

for all .

F or example, if = (( ) ( )) then (( ) ( ( ))) (exemplifying saturation)

and (( ) ( )) (exemplifying reduction).

This section contains two results. The first, an auxiliary one, states that it is always p ossible to

propagate an –action to the outside of a b ox expression.

F or every b ox expression in and every , .

By and , it suffices to show that , for some expression . W e pro ceed

by induction on the structure of . By prop osition 9.1, we may assume that is in standard form.

The base case is = . Then = and, by , ( ) . The induction step

is split into three cases.

Case 1: = ( ; ) or = [ ] . Then = and there is nothing to prove.

Case 2: = ( ) . Then, by the definition of , = and there is such that

and . By the induction hyp othesis, and . Thus, by , and

,

(( ) ( )) ((( ) ( )) ) (( ) ( ))

Case 3: = ( ) . Then, by prop osition 9.2, there is a saturated -context , 2, and

b ox expressions such that [ ], uses only choice and synchronisation, and,

for every , the topmost op erator of (if is not a single action expression) is neither choice

nor synchronisation. W e now observe that from = for every (as is saturated) and

the definition of , it follows that there is such that . Hence, by the induction

hyp othesis, ( ) . Then, by rep eatedly applying , and , one we

can show that , for some .

The next result shows that it is always p ossible to make the maximal synchronisation set of an

expression the outermost synchronisation.

^

^

^

′

ℵ

ℵ

ℵ

ℵ ℵ

ℵ i i

i i

i i

i i i

0

1 1

1 1

1

1

1

1 2 +1

1 2 +1

Prop osition 9.4

Pro of.

′

′ ′

ℵ

′

′

′

ℵ ℵ

ℵ

ℵ

ℵ ℵ ℵ

ℵ

ℵ ℵ

ℵ ℵ ℵ ℵ ℵ ℵ ℵ ℵ

ℵ

≡

A

∈ ≡ ⟨ ⟩

⟨ ⟩

≡ A ≡ A ≡ A

∈ ∩

∈ ≡ ≡

≡ ≡

‖ ∗ ∗

ℵ ≥

ℵ ℵ

≤

≤ { } { | ∈ ∧ ̸}

≡

ℵ ∈

ℵ

≤

ℵ ⟨ℵ⟩ ⟨ℵ ⟩ ℵ ≤

ℵ ℵ ℵ

ℵ ℵ

ℵ ≤

∈

≤ ≡ ∈

∉

≡

≡

∈ ⟨ ⟩

⟨ ⟩

≡ ≡ ≡

∗ ∗

‖ ∈

∈ ∩ ∩

E

E

F A G A

A

F G

n n

i i

i i m m j j ij

i i

n E

n i i

n ij ij

k l l m k m

k l l m k m

H A

i i ii i

i i

i

i i

i i i

i i

i i

i

E A i

i i

i i i i

i i i i

i i

i i

i

i

E A

F A G A

A

F G

PROP3

PROP1 PROP3

LIFT2

STR2 STR3 DUPL EX2

STR2

STR3 DUPL EX2

PROP3

PROP1 STR2 STR3 EX2

PROP3

PROP3 PROP5

PROP3 EX2

Exp sy max

max sy a

sy

sy sy sy sy sy sy a

sy max

sy max

sy

a covall sy a sy a

sy a sy a sy sy sy a

sy sy

sy

ex

sy

sy

max

sy

sy sy a

sy a

sy sy sy a

max

sy

sy sy sy sy sy a sy sy sy sy a sy

sy sy a

max

sy

max

sy max

sy covmix

E E E .

E

a E F F E

E

E

E β A

β A β A β β .

E F G A a

F F G G

E F G A F G A .

E F G A E E F G A

E F G A n n

E , . . . , E E E , . . . , E

i n E E

i n F E a . . . a a , . . . , a E E A j i m

F E E

E

E F F

F , . . . , F ı

F H H , . . . , H H F ı

i n H

J H , . . . , H A A i, j n

x , . . . , x x , . . . , x A

H , . . . , H H , . . . , H A

i n

a

i n H A K K a A A

H E

a A H E ψ

a a ψ

E β H H ψ

a a H A H A

E F G a E

E

E ψ A E A ψ A A E A ψ A A E ψ A .

ψ a a

E ψ A

E F G H

E F G a

a

F or every expression in ,

By and the finiteness of , it suffices to show that for every expression and action

, for some expression . W e pro ceed by induction on the structure of . By

prop osition 9.1, we may assume that is in standard form (note that applying prop osition 9.1 do es

not change the expression if we disregard the o ccurrences of synchronisation op erator; hence as far as

the inductive pro of on the structure of is concerned, applying the prop osition is harmless). The

base case is = . Then, using and , we obtain

In the induction step, if = ( ; ) then, by prop osition 6.5, and

. By the induction hyp othesis, and . Hence, by ,

(( ); ( )) ( ; )

If = ( ) or = [ ] then we pro ceed in a similar way .

The only complicated case to consider is that of = ( ) . Then there is an -context , 2,

and b ox expressions such that = [ ], uses only choice and synchronisation,

and, for every , the topmost op erator of every (if is not a single action expression) is

different from choice and synchronisation.

F or every , let = where = = (if = 0

then = ). W e now p erform three-stage transformation of into an expression whose structure

will allow us to apply prop osition 6.5. W e can assume, by prop osition 9.2, that is reduced.

In the first stage, by applying , , and , we obtain that where =

[ ]. In the second stage, if then we can, using prop osition 9.3 and axioms ,

, and , transform into an equiv alent expression = [ ] where = ,

for every . In the third stage, using prop osition 9.2, we can transform into an equiv alent

expression = [ ] such that = , is saturated and = , for all .

Now we can observe that for every sub context ( [ ] [ ]) of , the ex-

pression ( [ ] [ ]) do es satisfy the pre-condition in the second part

of prop osition 6.5. In particular, this and the fact that is saturated imply that, for every ,

.

W e now prove that for every , , for some . W e first observe that if =

then we are done by . Moreover, if it is the case that = then we can use the induction

hyp othesis. So supp ose that and = ( ). Note that in such a case, by construction,

neither nor o ccurs in . W e consider four cases:

Case 1: = . Then which follows from , , , and the fact that

do es not contain nor . Hence, by , .

Case 2: = ; . Then, by prop osition 6.7(1), and, since is a prop er sub ex-

pression of , by the induction hyp othesis and axioms and , we obtain

( ) (( ) ( )) (( ) ( )) (( ) )

It then follows that since contains neither nor , by and , we may rewrite the last

expression to ( ) .

Case 3: = [ ]. Similar to Case 2.

Case 4: = . If then we pro ceed as in Case 2. Otherwise, by prop ositions 6.6

and 6.7(2), we have

□

^

1 1 2 2

1 1 2 2 1 1 2 2

de-synchr onisation

1 1 2 2

1 1 2 2 1 1 2 2

1 1 2 2

1 1 2 2

Prop osition 9.5

Pro of.

9.2 De-sync hronisation

STR2 STR3

PROP3

PROP6 INT2

PROP3

LIFT1

ℵ ℵ ℵ ℵ

ℵ ℵ ℵ ℵ ℵ ℵ

ℵ ℵ

ℵ ℵ

ℵ

N

N

N M

′

N

′

N

′ ′

M

′

M

′

N

≃

M

≃ N N

F G

i i i i

i i i i i i

i i i

i i

i i

i i

i i i i

H A , H A

B

H A , H A

B

H A , H A

H A , H A

B

H A , H A

h h A A

A

A

A A

A h

g

∈ ∈

≡ ≡

‖ ≡ ‖ ≡ ‖ ≡ ‖

≡ ‖

≤ ≡ ≡

≤

≡

∈

∈ ∩

∈ ∈

≡ ≡

N

N N

N M

N ∅ N

N ≃ M N ≃ M

⊆ N ≃ N

⊆ N N

N N

N ≃ M ≃ ∈ ∈

N M

{ | ∈ ∪ ∧ ≃ }

N ≃ M a a

ψ ı ϕ F A F A G A G A

F G A ı F A G A A ı F G A ı F G A .

H A F G ϕ A

i n H A K K H A

H A i n n

n >

J H A H A B H A H A i ,

B

a .

B a .

J H A H A B H A H A B

A

A ı t

A u w t ▷ ◁ uw

A B

A A

A A A

A B A B B

A

A

t u t T u T

n n

A n ▷ ◁ n n ▷ ◁ n m m A

m ▷ ◁ m m ▷ ◁ m

g n , m n S T n m

A A ex ex

sy sy a sy sy sy a sy

sy sy sy sy sy a sy a sy sy sy a

sy sy sy a

sy sy a sy

sy sy a

sy sy sy sy sy sy a

simex

sy sy

covint

sy sy covno ex

sy sy

simex

sy sy a sy sy a covno ex

sy sy a sy sy a

sy sy a sy sy a sy sy sy sy sy a

unsy

unsy

unsy unsy

max unsy sy

sy unsy unsy

unsy

unsy

sy unsy

unsy unsy

unsy

unsy unsy

unsy

unsy unsy

unsy

unsy unsy and (without loss of generality and by applying and , if necessary) , and

= . By the induction hyp othesis and , and .

Hence, by and ,

( ) (( ) ( )) (( ) ( )) ( )

W e then pro ceed as in Case 2 to show that (( ) ) .

W e have shown that for every , , for some . Thus, by ,

, for every . The last part of the pro of is carried out assuming that = 2 (the

argument extends easily to 2).

Assume = (( ) ( )) . W e have shown that , for = 1 2.

Moreover, as we have already observed, . Hence, by prop osition 6.5,

W e also have, by prop osition 6.8(3,5), that

and

Hence we can apply , in the following way

(( ) ( )) (( ) ( ))

which completes the pro of.

W e now intro duce an auxiliary op erator on nets which can b e thought of as an ‘inverse’ of the syn-

chronisation op erator, or . F or a lab elle d net and a synchronisation set , we

denote by the net obtained from by deleting all the –lab elled transitions for which there

are –synchronisable transitions and such that .

Let and b e lab elled nets, and and b e synchronisation sets.

1. = .

2. If then .

3. If then ( ) .

4. If then ( ) = .

5. If is a pre-b ox then is also a pre-b ox.

6. The op erator distributes over the sequence, parallel and iteration comp osition.

(1), (4) and (5) follow directly from the definitions of and .

(2) Supp ose that . W e observe that if then if and only if

which follows directly from prop osition 2.3(1). Moreover, it is easy to see that for all no des and in

, if and only if . And, similarly

, for all no des and in ,

if and only if . One can then show that

= ([ ] [ ] )

is an isomorphism such that .

□

□

□

^

^

^

^

1

0 0

1

1 1 0

1

0 i i

i

i

i i

i i i

i i i i

k

i j i

G

i

k k

i i

k k

i

k

i

-p ath

-c onne cte d

p ath

P

≃

C C

−

•

B B

B

B B

B B

B B B B B

B B

Prop osition 9.6

Pro of.

Corollary 9.7

Prop osition 9.8

Pro of.

N ≃ N N ≃ N

N N

M N M

P M

P

‖

B C B

D C

D C ∈

∈ −

B

C

∩ ̸∅

N

∈ ≤ N N

B B

B ‖ C ‖

B C B C ≄ B C B C

B B B B B

≤ ⊆ ̸∅ B

B B B

∈

B ∈

∅ ∉

∉ B ∈ ∈ ∉ ∈

̸∅ ∈ sy sy unsy sy

sy unsy sy unsy sy

sy

b ox unsy a

unsy

b ox

b ox

p otex

unsy

b ox b ox

sy a sy b unsy a sy b sy a unsy a sy b unsy a

Box

max ex b ox

unsy unsy unsy

ex

EX Box EX

EX

A A A A

A A A

ı

t

u w

t ▷ ◁ uw

E a b b a b b

E

A A

ı T

T t T

u, w T T t ▷ ◁ uw

E

E

F

F E G G . . . G

G β j < i G G A

G ı

E

ex π n . . . n n n

n n i k ex s

ex s

ex

A A ex

a a b b

.

, . . . , . . . A

i k A β β

A A . . . A .

t T A

u w t ▷ ◁ uw u, w T

u, w T

t u T w T w t ▷ ◁ uδ

u, w T

(3) Since , it suffices to show that ( ) . The latter follows directly

from prop osition 2.4(2) and the definitions of and (essentially

, is ( ) with

p ossibly duplicates of some –lab elled transitions added).

(6) It suffices to observe that, by prop osition 2.2, if is any of the nets ( or ) used in the

definition of sequence, concurrent or iteration comp osition , and is a transition in , then there

are no transitions, and , of which at least one b elongs to the remaining nets forming , such that

.

De-synchronising a b ox do es not necessarily yield a b ox. F or example, if = ((( ); ) ( ))

then ( ) is the net in figure 7 which, as one can easily see, is neither a b ox nor is duplication

equiv alent to any b ox. But what we can say ab out a de-synchronised b ox is that it is a b ox with some

transitions added in a way which resembles ‘lo cal’ synchronisation.

Let b e a b ox, b e a synchronisation set and = [ ] . Then there is a

b ox generated by a synchronisation-free expression and a set of -lab ell ed transitions of such

that is isomorphic to with the transitions deleted. Moreover, for every transition there

are transitions such that .

Let = ( ). W e first observe that if we omit all the transitions which resulted from

synchronisations and then prove the result for the mo dified b ox, then the prop osition will also hold

for the original b ox. In other words, it suffices to show the result assuming that do es not contain

any application of the synchronisation op erator. Then, one can show that is isomorphic to ( ),

where is the expression obtained from by removing, from each sub expression =

all the expressions = such that there is satisfying = and, moreover, if =

then also all the expressions of the form = (the pro of can b e carried out by induction on the

structure of and using prop osition 9.5(6)).

An of a lab ell ed net is a sequence of no des = such is an entry place, is an

exit place, and , for every . W e say that is , if for every place in

there is an – to which b elongs. The following is an easy corollary of the last result and the

fact proved in [9] that b oxes generated by synchronisation-free expressions are -connected.

If is a b ox and is a synchronisation set then is -connected.

De-synchronisation distributes over the sequence, parallel and iteration comp osition. However, this

do es not extend to the choice op erator. F or example, if = ( ) and = ( ) then

(( ) ( )) = ( ) = (( ) ) (( ) )

An imp ortant case when de-synchronisation distributes over choice is provided by the next result.

Let and = b e b oxes in and b e a synchronisation

set such that, for every , and if = then = ( ) for some action . Then

= ( ) ( )

T o show the result it suffices to prove that if and there are -synchronisable transitions

and in satisfying , then . W e consider two cases.

Case 1: = . If then we obtain a contradiction with prop ositions 2.2 and 5.2(2) and

and . If and then, by prop osition 2.2, . Hence

and from prop osition 5.2(1) it follows that = , a contradiction. Thus .

□

^

^

i

j j j

B

B B B

≃ ≃ ≃ ≃ ≃ ≃

≃

1

1 2 3

1

1

1

1

1 1

1

1 i

j

k

k i

k i

k i i

i j

k

k k

k

k

Prop osition 9.9

Pro of.

i

x

x e

e

ex b ox

max ex

b ox

b ox

unsy

unsy

unsy a

b

b a

b ı

ı u w

A uw ▷ ◁ δ

β

β

, . . . ,

k

k . . . i k

k . . . i k

k . . . i k β

β j i

A

A

A

, . . . ,

, . . . , . . .

A , . . . ,

. . .

̸∅ B

B ⊆ ̸∅

B

D H B ≃ D H B ≃ D H

B B B

• B ≃ B ∗ B ∗ B

• ≥ B ≃ B ‖ ‖B ≤ B

• ≥ B ≃ B B ≤ B

• ≥ B ≃ B B ≤ B B ≃

B ≄ B

B

B

B

G G G

G G G G G G

C B B B

C B B choic e-de c omp osable se quenc e-

de c omp osable

iter ation / p ar al lel / se quenc e / choic e de c omp osition

Figure 7: De-synchronised b ox may not b e a b ox.

Case 2: = . Then = ( ) and, using prop osition 2.2, one can easily see that b oth and

b elong to the same . Hence, by and , we have = , a contradiction.

The next definition and the prop osition that follows deal with the problem of a unique representation

of a net as a comp osition of other, smaller, nets. Below, a pre-b ox is (

) if there are pre-b oxes and such that (resp. ; ). Note that ( )

is choice-decomp osable, for every action . An

of a pre-b ox is a sequence of pre-b oxes such that, resp ectively

, the following hold:

= 3 and [ ].

2 and and, for every , is connected.

2 and ; ; and, for every , is not sequence-decomp osable.

2 and and, for every , if is choice-decomp osable then ( )

for some action and for all = .

Let b e a b ox and b e a synchronisation set.

1. has at most one (up to duplication equiv alenc e and p ermutation) parallel decomp osition

and choice decomp osition.

2. has at most one (up to duplication equiv alence ) sequence decomp osition and iteration

decomp osition.

This prop osition is proved using the results obtained in [9]. W e here give a sketch of how this

can b e done for the case of sequence decomp osition.

T o start with, one can show that if is a sequence decomp osition of a pre-b ox then

[ ] [ ] is a sequence decomp osition of [ ] such that [ ] = [ ] ; ; [ ] . Hence it

suffices to show that = [ ] has at most one sequence decomp osition such that

= ; ; .

− 1

□

C

B

F F

− l

i i

x y

i

Prop osition 9.10

9.3 Normal form b o x expressions

1

1

1

1 0 1

1+

1 1

1 1 1 +1 +1

0

1 2 3

1 1

1 1

1 1

1 2 1

2

1 2 2 3

A

k i

k l l i i

m

l l

i m m i

k k

k x x x y y m

E i E

i i

k k

k k

k k

i

i

E syn

Exp

max max

b ox unsy b ox unsy

sy

sy

sy

sy

b ox unsy max normal form

internal ly c onne cte d

internal interfac e

D

C

∈ D C | |

| |

C

D C B B B

∈ D D D D B D B

F F D

D D D

≤ D F F

C

B B C B B ∈ ∈ ≤

B B F F F F F F F

⊆ B

B

•

• ∗ ∗

• ‖ ‖ B B B

• B B B

• B B B

B

B

B B

⊗ B B { }

B

B

E t, u, w t ▷ ◁ uw

u, w t T T

T >

. . .

t T . . . t i l

, . . . ,

. . . m < m < . . . < m m

i l . . . F

, . . . , . . . u T w T x y

, . . . , , . . . , , . . . , , . . . ,

E

A E A

E A E A

E β β

E E E E A

E E . . . E A , . . . ,

E E . . . E A , . . . ,

E E . . . E A , . . . ,

P P

N N N

N

N i , P P s , s

E m

E

E m

E m >

By prop osition 9.6, we may assume that there is a b ox generated by a synchronisation-free expression

(for which the results obtained in [9] can b e applied) and transitions in such that ,

( ) and is with deleted (i.e. we assume that = 1 where is as in the formulation

of prop osition 9.6; the argument is similar for 1). Then the following hold:

(i) Every representation of as a sequential comp osition of pre-b oxes induces a corresp onding

representation of . More precisely

, if we have = ; ; , for some pre-b oxes , and

then = ; ; where is with deleted, and = , for all = .

(ii) It was shown in [9] that there is a unique sequence of b oxes for such that whenever

= ; ; there are (unique) integers 0 = = such that, for every

, = ; ; (in particular, this means that no is sequence-decomp osable).

This and (i) implies that for there is at most one sequence of non-sequence-decomp osabl e

pre-b oxes such that = ; ; (basically

, if and ( ) then

is ( ; ; ; ) ).

A b ox expression in is in if it is in one of the following five typ es. Below,

= and each is an expression in normal form such that . Moreover, denotes

( ) and denotes ( ) .

Typ e-a = for some action .

Typ e-i = [ ] .

Typ e-p = ( ) and is a parallel decomp osition of .

Typ e-c = ( ) and is a choice decomp osition of .

Typ e-s = ( ; ; ) and is a sequence decomp osition of .

W e now aim at showing that duplic ation equiv alent expressions in normal form are equal (up to

p ermutation of sub expressions in choice and parallel comp osition contexts). The first step is to show

that any two duplic ation equiv alent expressions are of the same typ e. The pro of will rely on two

prop erties of lab ell ed nets, called internal connectedness and internal interface, intro duced in [9].

Note that the application of the results based on internal connectedness and internal interfaces from

[9] is p ossible due to corollary 9.7. The relev ant pro ofs from [9] can easily b e adapted and we therefore

omit here their detailed exp osition, referring instead to the appropriate parts of [9].

A pre-b ox is if it is connected after removing all the entry and exit places. It

has an if there is a set of internal places such that if we delete then can

b e divided into two disjoint subgraphs with the no des and such that: (i) each no de in is

connected to an entry place and not connected to any exit place; (ii) each no de in is connected

to an exit place and not connected to any entry place; and (iii) if we take to b e with the no des

deleted ( = 1 2), then is a -set for and . F or example, = is the only internal

interface of the net in figure 1.

Let b e an expression in normal form and b e the numb er of transitions in

= ( ) .

1. If is of typ e-a then = 1.

2. If is of typ e-p then 1 and is not connected.

′

□

□

□ i i

i

i

STR4 STR5

1

1

1 2 3

1

1 1

1

1

1

1 i

k

k i

i

k i

k k

E F

k

m

i i i i

E F i i

i i i i

E

k

F i

k F i

Pro of.

Corollary 9.11

Prop osition 9.12

Pro of.

Prop osition 9.13

B

B

B

B

B

B ≃ B ‖ ‖B ≥ B

B ≃ B B ≥ B B

B ≃ B ∗ B ∗ B B B

B ≃ B B ≥ B B

‖ ‖

‖ ‖

‖ ‖ ≃

≃ ≃ ≤

⊆ ≃ ≤

⊆

‖ ‖ ≥

≡ ≤ ⊆

≥ ≡ ≤ ⊆ max max

sy

sy b ox unsy b ox unsy

b ox unsy b ox unsy b ox unsy sy b ox unsy sy

max max

max

b ox unsy sy

max b ox unsy

b ox unsy

sy max b ox unsy

E m >

E m >

E m >

k

ex

m >

. . . k

. . . k ex

ex

. . . k ex

E F E F

E . . . E E . . . E

A E F

E E β F β

E F

E F E E . . . E A

E F . . . F A E A F A

k m

E A F A E A A F A A i k

A E F i k

E F E F

E

E A

E E A F F . . . F A k

E F i k A F A

E E A F

F . . . F A k E F i k A F A

3. If is of typ e-c then 1 and is connected and not internally connected.

4. If is of typ e-i then 1 and is connected and internally connected and has no internal

interface.

5. If is of typ e-s then 1 and is connected and internally connected and has at least one

internal interface.

Let the ’s and b e as in the definition of normal form. Note that, by prop osition 9.5(5) and

corollary 9.7, each is an -connected pre-b ox.

(1) obviously holds as well as 1 in (2)–(5).

(2) Then . This and 2 means that is not connected.

(3) Then . Since 2 and each is -connected, it follows that is connected

but not internally connected (c.f. Lemma 5 in [9]).

(4) Then [ ]. Since each is -connected, it follows that is connected, internally

connected, and has no internal interface (c.f. Lemmata 5 and 7 in [9]).

(5) Then ; ; . Since 2 and each is -connected, it follows that is connected,

internally connected, and has an internal interface (c.f. Lemmata 5 and 7 in [9]).

Directly from prop ositions 9.5(2) and 9.10, and the fact that connectedness, internal connectedness

and having an internal interface are all net prop erties preserved by duplication equiv alenc e, we obtain

that

Duplication equiv alent normal form expressions are of the same typ e.

Moreover, one can show that duplication equiv ale nt normal form expressions are equal.

If and are duplication equiv alent expressions in normal form then = up

to p ermutation of the comp onents in sub expressions of the form and .

Clearly

, = = and, by corollary 9.11, b oth and are of the same typ e. The

pro of pro ceeds by induction on the structure of . The base case is = and = which clearly

implies = .

In the inductive step, supp ose that and are of typ e-p and, moreover, that = ( )

and = ( ) . By prop osition 9.5(2), ( ) ( ) . Hence, by

prop osition 9.9(1), = and, without loss of generality (one can always use and ),

( ) ( ) and so ( ) ( ) , for every .

Thus, by = and prop osition 9.5(3), we obtain , for every . Now,

since b oth and are in normal form, by the induction hyp othesis, = (up to p ermutation

of sub expressions in choice and parallel contexts). Hence the prop osition holds. The pro ofs for of

typ e-c, typ e-i and typ e-s are similar.

The next prop osition is an auxiliary result used later, in prop osition 9.14, to transform an expression

into a normal form expression.

Let b e a normal form expression and b e a synchronisation set.

1. If is of typ e-p and ( ) is not connected then there is = ( ) ( 2)

such that and, for every , and ( ) is connected.

2. If is of typ e-s and ( ) is choice decomp osable then there is an expression =

( ; ; ) ( 2) such that and, for every , and ( ) is

not sequence-decomp osabl e.

−

H

^

□

1

7

−

− i

i i

STR4 STR5

PROP3

choic e-r estricte d

Pro of.

Prop osition 9.14

Pro of.

1

1

0 1

1

1+

1 1

1 1

1

0 1

1

0

1 2 3

3

3 3

0

1

7

1

0

1

1

1

E

k F

i

m

i j i j

l l l l

i j

k i i

i m m

i

k k

i i k k

k

k

i i

i

E

i

k H A

Note that can b e an expression whose main connective is choice.

∅

≥ ≡ ≤ ⊆

‖ ‖ { }

∈

‖ ≄ ‖

⊆ ≃ ≃

≤ ∈ ̸‖

≤

‖ ‖ ≤

≤

≥ ⊆

‖ ‖ ≃ ‖ ‖

≤ ‖ ‖ ≡ ‖ ‖ ≃

‖ ‖ ≡

≤ ≤

≤

A − A −

B

A − B B B

B

∈

∅

∈ ≡

≡

⟨ ⟩ ⟨ ⟩ ⟨ ⟩ ex b ox unsy

sy max

b ox unsy

sy

sy sy

sy sy b ox unsy

b ox sy unsy

b ox sy unsy b ox unsy

sy sy sy sy sy sy

sy sy sy

sy

Exp

sy a max a b ox unsy a b ox

b ox unsy a

b ox unsy

unsy

Exp

ex

sy

sy

Exp

Exp

Exp

Exp

Exp

E E A

F F . . . F A k E F i k A

F A

E E . . . E B ρ , . . . , m

i, j ρ i j

E E B E E A.

A B E E B E A E A

l m i, j ρ i j E E B A

ρ k

m < m < . . . <

m m i k m , . . . , m i

ρ G F . . . F i k

i k G B A E A

k A B

G B . . . G B B G B . . . G B A.

F G B i k F F . . . F A E F . . . F B

F . . . F A E F

m < m < . . . < m m

i k ρ m m j < k

x y x m < y

E

a ı a ı a E E

E

E

E A A E

E F E

β . . . β H A

B F B

k H k >

G G E E

E F

E F

E

E E β E β . . . β

3. If is of typ e-c, = and ( ) is choice decomp osable then there is an expression

= ( ) ( 2) such that and, for every , and

( ) is not choice-decomp osable.

(1) Supp ose = ( ) . Define a relation on 1 in such a way that

( ) if = and

( ) ( ) (4)

F rom the definition of typ e-p and it follows that and ( )

is connected, for every . Hence ( ) if and only if = and (( ) ) is a

connected pre-b ox. The graph of the relation can b e divided into connected comp onents. Without

loss of generality (one can always use and ) we may assume that 0 =

= are such that, for every , the integers 1 + are the vertices of the -th

connected comp onent of the graph of . Denote = , for every . Clearly

, for

every , ( ) is connected. Thus, since ( ) is not connected, we have

2. W e then observe that from prop osition 5.3, corollary 3.9 and , it follows that

(( ) ( )) (( ) ( ))

Denote = , for every , and = ( ) . W e have ( )

( ) . Hence, by prop osition 9.4 and , .

(2,3) W e pro ceed similarly as in the case of typ e-p expression. The main difference is that in the case

of typ e-s expression, 0 = = are assumed to b e integers such that, for every

, there is a path in the graph of b etween 1 + and and, for every 1 , there is no

path b etween and if .

Not every expression in can b e rewritten into a normal form b ox expression. F or example, if =

(( ; ) ) ( ; ) then = and the only decomp osition of ( ) ( ) = ( )

into b oxes which could satisfy one of the parts of the definition of normal form expression, are the

three nets shown in figure 8 (note that ( ) ( ) = ). While the first two nets

do not create any problems, the third one do es, as it is easy to see that there is no b ox expression

such that is duplic ation equiv alent to ( ) , for any synchronisation set . Hence has

no normal form in the sense defined ab ove. Therefore we need to restrict the applicabi li ty of the choice

op erator. The definition b elow is motiv ated by the way in which the fourth case in the definition of

normal form has b een formulated (and, indirectly

, by the characterisation of the situation when the

op erator distributes over choice).

A b ox expression is if every sub expression of which has choice as the

topmost op erator is of the form and satisfies = , where is the union of

all the synchronisation sets such that lies within the scop e of an application of (we allow

= 0, and may b e missing if 0). Then, we denote by the set of all b ox expressions

such that , for some choice-restricted b ox expression . Note that the definition of

is not fully syntactic. However, one can give simple syntactic conditions which guarantee that a

b ox expression which is not choice-restricted b elongs to .

If is an expression in then there is an expression in normal form such

that .

W e may assume that is choice-restricted, and then pro ceed by induction on the numb er

of transitions in the duplication quotient of . The base case is = or = , for i

^

3 2 1

B B B

′ ′′

′ ′′ ′′′

′ ′′

′ ′′

E

k F

i

k i i

k

k

k

k

E

k E G A

i j k

1

0 0 0

0 0 0 0 0

0 0

0 0 0 0

0 0

0 1

1 0

1 0

1 0

1 0

1 0

1

0 0 0

0 0 0 0 0 0

1

1

1

1 0

0 0 0

≡ ≡

⟨ ⟩

⟨ ⟩ ‖ ≡ ‖

∈ ≡ ‖ ≡

≡

≃ ‖

‖ ‖

≡ ‖ ‖ ≥ ⊆

≤

≡ ‖ ‖ ‖

≡ ‖ ‖ ‖

≃ ‖ ‖ ‖

‖ ‖ ‖

‖ ‖ ‖

⟨ ⟩ ∗ ∗ ≡ ∗ ∗

∈ ≡ ∗ ∗

≡ ≡ ≡

⟨ ⟩

⟨ ⟩ ≡

∈ ∅

̸ ̸≡

≡

PROP1 PROP2 PROP3

PROP5 DUPL STR2 STR3

PROP3 PROP6

PROP3 PROP5

PROP3 PROP6

PROP3 PROP6

DUPL i i

x x x e e e

sy sy sy

max Exp sy sy

sy b ox unsy b ox unsy

b ox unsy b ox sy unsy

b ox unsy b ox unsy b ox unsy

b ox unsy unsy

sy max

b ox unsy

sy sy

sy

b ox unsy b ox sy unsy

b ox unsy

b ox unsy b ox unsy b ox unsy

sy sy

sy sy max Exp sy

sy sy sy

Exp

sy sy Exp max ex

sy

sy

sy unsy ı a

ı ı

a a

β E β E β . . . β

β . . . β

β E

E E E E F A G A A

A F , G E F G A F F A

G G A F G F A G A

E A F G A A

F G A F A G A .

F A G A

F F . . . F A k A

F A i k k

E H . . . H A G A H F

E H . . . H G A

E A H . . . H G A A

H . . . H G A

H A . . . H A G A .

E E E E E F A G A

H A A A F , G, H E F G H A

F G H F F A G G A H H A

E E E

E E E E

β . . . β G A A G A

β β i j E β . . . β G A

G G A G G A

2

Figure 8: Decomp osition of a de-synchronised b ox.

some action . Then or which can b e shown using , , and

. Moreover, in the latter case, using , and , we may transform into

. In the inductive step we now consider a numb er of cases, dep ending on the form of .

Case 1: = . By , , and prop osition 9.4, we have ( ) ,

where = and . By the induction hyp othesis, ( ) , where

and , and b oth and are in normal form. If b oth ( ) and ( )

are connected, then we are done since, by prop osition 9.5(2,4,6),

( ) (( ) )

= ( ) = ( ( ) ) ( ( ) )

Otherwise, without loss of generality

, we assume that ( ) is not connected and

is connected. Then, by prop osition 9.13(1), ( ) where 2, and

( ) is connected, for every . W e now can apply -times the induction hyp othesis to

obtain that (( ) ) , where each is a normal form expression for every .

Next, by and , we obtain ( ) which completes the discussion of

this case since, by prop osition 9.5(2,4,6), we have

( ) (( ) )

= ( )

= ( ( ) ) ( ( ) ) ( ( ) )

Case 2: = [ ]. By , , and prop osition 9.4 we have [

] , where = and . By the induction hyp othesis, [ ] ,

where , and are in normal form and , and .

Case 3: = ; . W e pro ceed similarly as in Case 1.

Case 4: = . By the definition of , , , and prop osition 9.4,

( ) , where , = and = . Moreover, by , we

may assume that = , for every = . By the induction hyp othesis, ( ) ,

where and is in normal form. If is not choice-decomp osable , then we are

∑

E

□

□

□

ccall

⟨ ⟩

⟨ ⟩ ⟨ ⟩

⟨ ⟩

∈

≃

≃ ≡

≃ ≡

| | ≤ | | ≤

1 0

1 0

1 0 0

1

1

1

1

1 k

k

k

k

i i

ı

ı ı

ı

A

E

Pr o c ess Algebr a

Theorem 9.15

Pro of.

10 Concluding remarks

References

E A β . . . β G A A

β . . . β G A

β A . . . β A G A G A .

E , F E F E F

F , . . . , F E

F F ı E

E

E

F E F E F

E E E

A k k

k E b ox unsy b ox sy unsy

b ox unsy

b ox unsy b ox unsy b ox unsy b ox unsy

Exp

Exp

Exp

Exp

covall

ex

[1] J. Baeten and W.P . W eijland: . Cambridge T racts in Theoretical Computer Science 18

(1990).

done since, by prop osition 9.8,

( ) (( ) )

= (( ))

= ( ( ) ) ( ( ) ) ( ( ) ) ( ( ) )

Otherwise, we can apply prop osition 9.13(3), and then pro ceed similarly as in case 1.

W e can finally prove the main result of the second part of this pap er.

F or all b ox expression in , if then .

F ollows from prop ositions 9.12 and 9.14.

In this pap er we have investigated a notion of equiv alenc e within the Petri Box Calculus defined for the

b ox expressions and based on the structural similarity of the corresp onding b oxes (lab elled Petri nets).

In particular, we have develop ed a sound and complete axiomatisation of duplication equiv alenc e for

a subset of b ox expressions. In doing so, it turned out that a crucial problem to b e solved was that of

a structural characterisation of maximal synchronisation sets of b ox expressions. W e have found that

such a characterisation is rather complicated for b ox expressions whose main connective (other than

synchronisation) is the choice comp osition. This has led to a restriction on the set of b ox expressions

for which the soundness and completeness results directly apply

. The duplication equiv ale nce is a

very strong notion of equiv alenc e which resembles the strong equiv alenc e of CCS [15]. It is therefore

natural to envisage that the future research will b e concentrated on developing an axiomatisation

of a weaker equiv alen ce on b ox expressions, similar to the observ ational congruence of CCS. F rom

this p oint of view the results obtained here are highly relev ant since any axiomatisation of a weaker

b ehavioural equiv alen ce would encompass the axiomatisation of duplication equiv alence. Moreover,

the restrictions imp osed on the typ e of b ox expressions for which the soundness and completeness

results hold seem to b e rather mild when considering a weaker notion of equiv alenc e. Without going

into details, if are the sub expressions of a b ox expression which cause the latter not to

b elong to then it should b e p ossible (under any reasonable notion of observ ational equiv alenc e

which ignores internal moves) to replace each by ; , within , and the resulting expression, call

it , would now b elong to . W e also conjecture that the same transformation can b e used to

extend in a somewhat unusual way the completeness result obtained here, in the following way

. If

and are arbitrary b ox expressions such that then , where it is assumed that for

a b ox expression in , = .

Our final remark concerns the non-standard way in which some of the axioms were formulated since

they refer to v arious sets (even sets of sets) of actions, such as . The reader might question

whether this leads to a significant increase in the algorithmic complexity of the axiomatisation devel-

op ed here when compared, e.g., with that presented in [15]. The answer is that it do es not, as it is

not difficult to see that all the sets involved are ‘small’ which is due to an easy observ ation that it is

always the case that

and

where is the numb er of action o ccurrences in a b ox expression .

2

B P N

The Petri Box Calculus: a New Causal Algebr a with Multilab el Commu-

nic ation

- a Basic Petri Net Pr o gr amming Notation

A R efine d View of the Box Algebr a

Solving R e cursive Net Equations

S-invariant Analysis of R e cursive Petri Boxes

On R epr esenting CCS Pr o gr ams by Finite Petri Nets

Algebr aic The ory of Pr o c esses

On Synthesis of Box Expr essions fr om Petri Boxes

Communic ating Se quential Pr o c esses

Oc c am 2 R efer enc e Manual

Op er ational Semantics for the Petri Box Calculus

Partial Or der Semantics of Box Expr essions

Op er ational and Denotational Semantics for the Box Algebr a.

Communic ation and Concurr ency

Nets, T erms and F ormulas

Petri Nets. An Intr o duction

[2] E. Best, R. Devillers and J. Hall:

. Adv ances in Petri Nets 1992, G. Rozenb erg (ed.). Springer-V erlag, Lecture Notes in Computer

Science V ol. 609, 21–69 (1992).

[3] E. Best and R.P

. Hopkins: ( ) . Pro c. of P

ARLE’93,

Springer-V erlag, Lecture Notes in Computer Science V ol. 694, 379-390 (1993).

[4] E. Best and M. Koutny: . Pro c. Petri Net Conference’95, G. De Michelis,

M. Diaz (eds). Springer-V erlag, Lecture Notes in Computer Science V ol. 935, 1–20 (1995).

[5] E. Best and M. Koutny: . Pro c. ICALP’95, Z. F ¨ ul¨ op and F. Ǵ ecseg (eds).

Springer-V erlag, Lecture Notes in Computer Science V ol. 944, 605–623 (1995).

[6] R. Devillers: . Acta Informatica V ol. 32, 313-345 (1995).

[7] U. Goltz: . Pro c. MFCS’88, Springer-V erlag, Lecture

Notes in Computer Science V ol. 324, 339-350 (1988).

[8] M.B. Hennessy: . The MIT Press (1988).

[9] M. Hesketh: . T echnical Rep ort TR-552, Department

of Computing Science, University of Newcastle up on Tyne (1996).

[10] C.A.R. Hoare: . Prentice Hall (1985).

[11] INMOS: . Prentice-Hall (1988).

[12] M. Koutny

, J. Esparza and E. Best: . Pro c. CONCUR’94,

B. Jonsson and J.Parrow (eds), Springer-V erlag, Lecture Notes in Computer Science V ol. 836, 210-225

(1994).

[13] M. Koutny: . Pro c. Petri Net Conference’94, R. V alette (ed.),

Springer-V erlag, Lecture Notes in Computer Science V ol. 815, 318-337 (1994).

[14] M. Koutny and E. Best: Theoretical Com-

puter Science (to app ear).

[15] R. Milner: . Prentice Hall (1989).

[16] E.R. Olderog: . Cambridge T racts in Theoretical Computer Science 23 (1991).

[17] W. Reisig: . Springer-V erlag, EA

TCS Monographs on Theoretical Computer

Science V ol. 3 (1985).

if = .

3. has no duplicates other than itself, and if = (or = ) then (resp. ).