P R

Abstract

L.J. Steggles

1 In tro duction

HIGHER–ORDER ALGEBRA WITH

TRANSFINITE TYPES

limit typ es

higher–or der algebr a with tr ansfinite typ es

Department of Computer Science, University of Newcastle up on Tyne,

Newcastle up on Tyne, NE1 7RU

email: L.J.Steggles@ncl.ac.uk

W e extend the simple typ e system of higher–order algebra with transfinite typ es. W e

present a general mo del theory for transfinite higher–order algebra including results on the

existence and construction of free and initial mo dels, and a sound and complete equational

calculus. W e demonstrate the use of transfinite typ es for mo delling p olymorphism by sp ecifying

a simple p olymorphic functional programming language.

Higher–order algebra provides a natural framework in which to formally develop computing

systems and has b een shown to b e substantially more expressive than first–order algebraic metho ds

(see Kosiuczenko and Meinke [1994] and Meinke [1995]). F or an intro duction to higher–order

algebraic metho ds see M¨ oller [1987], M¨ oller et al [1988] and Meinke [1992], while for examples of

their applications see for example Meinke and Steggles [1994], Meinke [1994] and Steggles [1995].

However one of the limitations of higher–order algebra using only binary pro duct and func-

tion typ es is the difficulty in mo delling ob jects which are parametric in typ e, such as p olymorphic

functions, partial functions, generic data structures and infinite families of algorithms and archi-

tectures. W e prop ose to overcome this limitation by extending the typ e system of higher–order

algebra with . The idea is that given a set of basic typ es we close up under pro duct and

function typ es until we reach the limit at which p oint we add a new typ e, a so called limit typ e.

W e then iterate this pro cess to pro duce a transfinite typ e hierarchy in which the limit typ es act

as “universal” typ es in which all the typ es b elow them in the transfinite typ e hierarchy can b e

emb edded. W e refer to the resulting theory as . F ollow-

ing the approach of Meinke [1992], we develop a general mo del theory for higher–order algebra

with transfinite typ es using the framework of many–sorted first–order predicate calculus (usually

referred to as finite or simple typ e theory). Results presented include the existence and con-

struction of free and initial mo dels, and a sound and complete equational calculus. Higher–order

algebra with transfinite typ es provides a natural framework in which to mo del p olymorphism,

partiality and error handling. W e demonstrate this by considering the sp ecification of a simple

p olymorphic functional programming language based on the language of primitive recursive

functions presented in Thompson [1987]. This sp ecification case study generalises the definitions

and results of Meinke [1994].

The structure of this pap er is as follows. In Section 2 we intro duce a notation for transfinite

typ es and extend the basic definitions of higher–order algebra to take account of transfinite typ es.

In Section 3 we intro duce the first–order condition of extensionality

, present a representation

theorem for extensional algebras and consider those algebraic constructions which preserve or

∗

∗

∗ ∗ ∗

∗

∗

+

+

+

(1) ( )

2 T ransfinite Higher–Order Algebras

w ,s

λ,s

w ,s

A

s s

A A

w ,s

A

λ,s

A λ,s A s s

A

w ,s

A w ,s A w

s

w

s s n s

s s

s s

s s

s s

s s s

s s

s s s s s limit typ es

higher or der algebr a

with tr ansfinite typ es tr ansfinite higher–or der algebr a

× →

− { }

× ⟨ | ∈ ∈ ⟩ ∈

∈ ∈

∈ ∈ ∈

⟨ | ∈ ⟩ ×

⟨ | ∈ ∈ ⟩

∈ ⟨ | ∈ ⟩ ∈

∈ ∈ ⟨ | ∈ ⟩ →

× · · · ×

⟨ | ∈ ⟩ ⟨ | ∈ ⟩

⊆

⊆ ∈ ⊂ ⊆

∅

| | ⟨ | | | | | ∈ ⟩ | | ≤ | |

| | ≤ | | ∈ →

⟨ → | ∈ ⟩

⟨ | ∈ ⟩

→ →

∘ →

∘ ⟨ ∘ ∘ → | ∈ ⟩

S S

S

S S

S λ S S λ S

S S w S , s S λ S

s S c s

w s s n S s S f

w s n

S S A,

S A A s S A S S

w S , s S

s S c c c A c A

w s s n S s S f f f A A

A A A A f A

A S

A A s S B B s S S

A B A B

A B s S A B A B A B

S A

S A A A s S A B

A B s S ϕ A B S

ϕ ϕ A B s S . ϕ

ϕ C C s S

S ϕ A B ψ B C S

ψ ϕ A C

ψ ϕ ψ ϕ ψ ϕ A C s S .

induce extensionality

. Section 4 considers the existence of free transfinite higher–order algebras

and gives an existence theorem for free algebras in a class of transfinite higher–order algebras.

W e also consider the existence of initial extensional mo dels and the conditions necessary for a

class of extensional algebras to contain an initial extensional mo del. In Section 5 we present a

sound and complete transfinite higher–order equational calculus and give a concrete construction

of the initial extensional mo del for an equational theory

. In Section 6 we demonstrate a p ossi-

ble application of transfinite typ es by sp ecifying a simple p olymorphic functional programming

language. This sp ecification case study demonstrates how transfinite typ es can b e used to mo del

partial functions and b oth parametric and overloading p olymorphism. Finally

, in Section 7 we

make some concluding remarks ab out the results we have presented.

W e have attempted to make this pap er self contained. F or further background material on

universal algebra we recommend Cohn [1965], W echler [1992] and Meinke and T ucker [1993].

In this section we present the syntax and semantics of higher–order algebras with transfinite

typ es. W e extend the and typ e system of higher–order algebra (see for example Meinke

[1992]) with and reformulate the definitions of a typ e structure , an –typ ed sig-

nature Σ and an –typ ed Σ algebra. W e refer to the resulting theory as

(or simply ). A simple example of a trans-

finite higher–order algebra is presented at the end of the section. W e b egin by recalling some

basic definitions of many–sorted first–order universal algebra (see for example Meinke and T ucker

[1993]).

By a set of sorts we mean any non-empty set. Let denote the set of all words in the free

monoid generated by , let denote the empty word and define = . An -sorted

signature Σ is an -indexed family of sets Σ = Σ . F or and

each sort , each element Σ is a constant symb ol of sort . F or each non-empty word

= (1) . . . ( ) and each sort , each element Σ is a function symb ol of domain

typ e , co domain typ e and arity .

Let Σ b e an -sorted signature. An -sorted Σ algebra is an ordered pair ( Σ ), consisting

of an -indexed family = of carrier sets and an -indexed family

Σ = Σ of sets of constants and algebraic op erations. F or each sort

, Σ = Σ , where is a constant that interprets in . F or each

= (1) . . . ( ) and , Σ = Σ , where : is an op eration

with domain = and co domain which interprets over . As usual, we

let denote b oth a Σ algebra and its -indexed family of carrier sets.

Let = and = b e -indexed families of sets then the basic

set theoretic op erations can b e defined p ointwise on and . W e let denote p ointwise

inclusi on, , for each sort and denotes the fact that but = .

When no ambiguity arises we let denote the unique -indexed family of empty sets. With we

asso ciate an -indexed family of cardinals, = = and denotes the

fact that for each . W e let : denote the -indexed family of mappings

= : W e say that is injective (resp ectively surjective, bijective) if,

and only if, each is injective (resp ectively surjective, bijective). If = is an

-indexed family of sets and : and : are -indexed families of mappings then

: denotes the p ointwise comp osition

= ( ) = :

⋃

⋃

□

□

□

Or d

−

−

∈

∅

×

×

×

×

→

→

+1

( ) 1

( )

( ) 2

( )

( )

( ) α α

α

α α α

β

α<β α

σ τ ,

σ τ ,σ σ τ ,

σ τ ,τ

σ τ

σ τ σ,τ

2.1 Definition.

2.2 Definition.

2.3 Definition.

2.4 Definition.

∅ ∈

∈ ∪ { } ∈

∈ {∅ {∅} {∅ {∅}} }

⊆ ∈

̸∈

∅

B

B B

B B

B ∅ ∈

B B ∈

B B ∪ { × → | ∈ B }

∈

B B ∪ { }

∈ B

∈ ∈ B

B ∈ ∈ B

∈ B ∅

∈ B

× { } → { }

∈ B

∈ B

B B

∈ B × ∈ → ∈

∈ ∈ ∈ ∈

∈ B

∈ ⊆ B B

∈

⊆ B B

× ∈

∈ ∈

→ ∈ ∈ α α α α

β ω , , , ,

ω ω α

α ω α β β < α

α ω α

H

H H

H

H . α

H H σ τ , σ τ σ, τ H .

β

H H β .

β H

τ τ H

τ τ H

τ τ .

σ, τ H

σ τ σ , τ , σ τ σ , τ .

β H β β .

σ < τ σ < τ σ, τ H

S H

σ, τ H σ τ S σ τ S

σ S τ S β S α S

α H α < β

α S H S

α τ S α

S H S

S σ τ S

σ τ S

Or d Or d

initial or dinal Or d suc c essor or dinal Or d

Or d limit or dinals

Or d Or d

Or d

typ e b asis tr ansfinite typ e hier ar chy

Or d

Or d

Or d

limit typ e

O Or d

or der O Or d

O

O sup O O O sup O O

O

O O

tr ansfinite typ e structur e

Or d

or der typ e structur e

tr ansfinite

typ e d signatur e

pr oje ction op er ation symb ols pr oj pr oj

evaluation op er ation symb ol eval

Next we recall some basic definitions for ordinals (see for example Devlin [1979] or Henle

[1986]). Let denote the (prop er) class of von Neumann ordinals. Let denote the

and for any ordinal let + 1 denote the .

All other ordinals are called , the first b eing = . . . , the

next + and so on. Recall that is well–ordered by . Let b e a limit ordinal,

if = then define to b e the greatest limit ordinal such that , otherwise if

= then define = .

W e define the rules of typ e formation for transfinite typ e theories as follows.

By a we mean a non-empty set. Define the

( ) generated by a typ e basis to b e the class

( ) = ( )

where the sets ( ) are defined by transfinite induction as follows. F or the initial

ordinal, define ( ) = F or + 1 a successor ordinal, define

( ) = ( ) ( ) ( ) ( )

F or a limit ordinal, define

( ) = ( )

Each limit ordinal ( ) is termed a .

W e can assign an order ( ) to each typ e ( ) as follows.

Given any typ e basis we define the ( ) of each typ e ( )

by induction on the complexity of typ es. Let b e a basic typ e, then define ( ) = Let

( ), then define

( ) = ( ) ( ) ( ) = ( ) ( ) + 1

Let ( ) b e a limit typ e, then define ( ) =

In the sequel, we write to denote that ( ) ( ), for any typ es ( ).

A ( ) over a typ e basis is a subset of ( ) which

is closed under subtyp es in the sense that: for any ( ), if ( ) or ( )

then b oth and ; and for each limit typ e we have , for each limit typ e

( ) such that .

F or any ordinal and any typ e structure ( ) over a typ e basis , is said to

b e a – if, and only if, the order of each typ e is strictly less than .

Let ( ) b e a typ e structure over a typ e basis . A ( ) -

Σ is an -sorted signature such that: for each pro duct typ e ( ) we have

two unary Σ and Σ ; for each

function typ e ( ) we have a binary Σ ;

−

∐

□

□

typ

−

× ×

×

→

⟨ ∈ | ≤ ⟩

×

×

×

×

→

→

−

→

→

→

×

→

→

2.5 Definition.

2.6 Example.

1 2

( ) 1 ( ) 2

( )

( )

( ) 1

( )

( ) 2

( )

( )

( )

( )

( )

( )

( )

1 2

( )

0

0

( )

0

∈ ∈ ≤

∈

⊆ B B

× ∈ ⊆ × → ∈

⊆ → ∈

⊆

× ∈

→ →

→ ∈ × →

∈ ∈ ≤

→ ∈

→ ∈

∈ ∈

⊆ B B

⟨ | ∈ ⟩

⊈ →

⟨ | ∈ ⟩

⟨ | ∈ ⟩

∈

∈ ∈ × ∈

∈

→ ∈ ∈ →

∈ τ

τ ,β

σ τ , σ τ ,

σ τ σ τ

σ τ σ τ

τ S β τ <β τ β

σ τ ,

A σ τ σ σ τ ,

A σ τ τ

σ τ

A σ τ σ τ

τ

A τ β τ τ

A

σ τ

A σ τ σ

τ

σ τ σ τ

τ

τ τ

τ

σ τ

σ τ

σ

τ σ

σ τ β S τ S β τ < β

.

σ τ

S α

S α

S H S

A S A

σ τ S A A A , σ τ S

A A A , β S

A A .

A S A

σ τ S

A A , A A ,

σ τ S A A A

β S τ S β τ < β

A A , a A a τ , a .

S

S A σ τ S a b

a, b a A b A

T , X

S H S

X X τ S S

T , X S T , X T , X T , X

T , X S T , X

T , X S T , X T , X τ S

T , X t t T , X ,

τ S t

τ S t T , X t t σ τ S

t T , X

t t , t .

σ τ S t T , X t T , X

T , X t T , X

t t t, t .

inje ction op er ation symb ol inj

pr oj pr oj

pr oj pr oj or der signatur e

cumulative

tr ansfinite typ e d algebr a

pr oj pr oj

first se c ond pr oje ction op er ations

eval

evaluation op er ation

inj c anonic al inje ction inj

Alg

eval

c ol lapse of

pr oj pr oj

eval and for each limit typ e and for each typ e , such that , we have a unary

Σ

When the typ es and are clear we let and denote the pro jection op eration

symb ols and . An -typ ed signature Σ is also termed an –

when is an –order typ e structure. Next we intro duce the intended interpretations of a trans-

finite higher–order signature.

Let ( ) b e a typ e structure over a typ e basis , let Σ b e an -typ ed

signature and let b e an -sorted Σ algebra. W e say that is if, and only if, for

each pro duct typ e ( ) we have for each function typ e ( ) we

have [ ] and for each limit typ e we have

W e say that is a ( ) – Σ if, and only if, is cumulative and

(i) for each pro duct typ e ( ) the op erations

: :

are the and ;

(ii) for each function typ e ( ) the op eration : is the

; and

(iii) for each limit typ e and each typ e , such that , the op eration

: is the defined on each by ( ) = ( )

W e let (Σ) denote the class of all -typ ed Σ algebras.

Given an –typ ed Σ algebra and any function typ e ( ) we may write ( ) as an

abbreviation for ( ), for any and . W e conclude this section with

an example of a transfinite higher–order algebra constructed from the term algebra (Σ ).

Let ( ) b e a typ e structure over a typ e basis and let Σ b e an -

typ ed signature. Let = b e an -indexed family of sets of v ariables. Clearly

(Σ ) is not an -typ ed Σ algebra (e.g. (Σ ) [ (Σ ) (Σ ) ] ). However,

we can use (Σ ) to construct an -typ ed Σ algebra (Σ )

, which we call the

(Σ ). Define the -indexed family of carrier sets (Σ ) = (Σ ) by

(Σ ) = (Σ )

where and each is defined inductivel y on the complexity of typ es as follows. F or each

basic typ e and each term (Σ ) , define = . F or each pro duct typ e ( )

and each term (Σ ) , define

= ( ( ) ( ))

F or each function typ e ( ) and each term (Σ ) , define : (Σ )

(Σ ) on each (Σ ) by

( ) = ( )

□

□

′

′

Ext

Ext

−

×

→

→ →

−

′

− ′ ′

3 Algebraic Constructions

3.1 Definition. Ext Ext

Ext

Ext Ext

0 0

0

(Σ )

+

1

(Σ )

1 1

1 2 1 2

Σ

( )

1 1 2 2

( )

( ) ( ) β

τ

τ

λ,τ

T ,X

w ,τ n w

T ,X n n

τ

σ τ

σ τ σ

σ τ σ τ

τ

τ τ

τ τ

τ τ

∈ ∈

∈ ≤ ∈

∈

∈ ∈ ∈

∈ ∈

B

⟨ | ∈ ⟩

∈

× ∈ ∈

∀ ∀ ∧ ⇒

→ ∈ ∈ ∈

∀ ∀ ∀ ⇒

∈ ∈ ≤ ∈

∀ ∀ ⇒

∈ ∈ ∈ ∈

≤

∀ ∀

|

∪

⊆ L inj

c ol lapsing c onstruction

axioms of exten-

sionality

extensionality sentenc es

pr oj pr oj pr oj pr oj

eval eval

inj inj

inj inj

extensional Alg

Alg Alg Alg β S t T , X

t τ , t , τ S β τ < β t T , X

t t

β , t ,

T , X τ S

c c c. w τ τ n S τ S

f t , , t T , X

f t , , t f t , , t .

t t t t T , X

S T , X

S S

X X τ S S

τ S

σ τ S x, y X

x y x y x y x y

σ τ S x, y X z X

x y z x, z y , z x y

β S τ S β τ < β x, y X

x y x y x y

β S x X , y X τ , τ S

β τ , τ < β τ τ

x y x y .

A A

, , ,

, X

F or each limit typ e and each term (Σ ) define

=

( ) if there exists with and (Σ )

such that ( ) = ;

( ) otherwise.

The constants and algebraic op erations of (Σ ) are defined as follows. F or each typ e

and each constant symb ol Σ , define = F or each = (1) . . . ( ) , ,

each function symb ol Σ and any ( . . . ) (Σ ) , define

( . . . ) = ( . . . )

Using the fact that = if, and only if, = it is easily verified that (Σ ) is a well defined

-typ ed Σ algebra. In the next section we shall see that (Σ ) arises as a sp ecial case of the

which is used in the pro of of Collapsing Theorem 3.6.

F rom b oth the viewp oint of algebra and sp ecification theory we are mainly concerned with the

structure of transfinite higher–order algebras up to isomorphism. As we will show this structure

can b e characterised by a set of first–order sentences which we refer to as the

. W e investigate which basic algebraic constructions preserve or induce extensionality .

Let b e a typ e structure over a typ e basis , let Σ b e an -typ ed signature and let

= b e an -indexed family of disjoint infinite sets of v ariables. T o avoid

the problems asso ciated with empty carrier sets we assume that Σ is non-void, i.e. a ground term

exists for each typ e .

The set = of over Σ is the set of all Σ

sentences of the form:

(i) for each pro duct typ e ( ) and v ariables

( ( ) = ( ) ( ) = ( ) = );

(ii) for each function typ e ( ) and v ariables ,

( ( ( ) = ( )) = );

(iii) for each limit typ e and each typ e such that , and

( ( ) = ( ) = );

(iv) for each limit typ e and v ariables for typ es such that

and =

( ( ) = ( ))

W e say that a Σ algebra is if, and only if, = . W e let (Σ) denote the

class (Σ ) of all extensional Σ algebras, and (Σ Φ) denote the class (Σ Φ),

for any set Φ (Σ ) of Σ formulas.

{

□

□

□

□

×

→

→

−

′

′

′

( )

1 2

( )

( )

+

1 1 1 τ

τ τ τ

τ

σ τ A A

σ τ σ τ σ

σ τ

A

β

τ τ

A

λ,τ

A

A

w ,τ n w

A n A n

τ

τ

τ

⟨ | ∈ ⟩

{ | ∈ } ∈

∈ ∈ × ∈

∈ → ∈

∈ → ∈

∈ ∈

∈ ≤ ∈

∈

∈ ∈ ∈

∈ ∈

∈

∈

⇔

⇐ ⇒

∼

→

∈ ∈ c ol lapsing c onstruction

c ol lapse

pr oj pr oj

eval

inj

3.2 Definition.

3.3 Prop osition.

Pro of.

3.4 Corollary .

Pro of.

3.5 Lemm a.

Pro of.

3.6 Collapsing Theorem.

S

S T , X

A

S A A

A S A

A S S A A τ S

A a a A . a A

τ S a A a a. σ τ S

a A a a , a . σ τ S

a A a A A b A

a b a, b .

β S a A

a τ , b , τ S β τ < β b A b a

β , a ,

A τ S

c c c . τ S w τ τ n S

f a , , a A f a , , a f a , , a .

A

A S τ S

a, a A

a a a a .

A S A A

S

A

A

A

A S A A.

ϕ A A ϕ a a

τ S a A

A S

A S A

Let b e an extensional -sorted algebra. F or each and any

,

Let b e an extensional -sorted algebra. Then , the collapse of , is

a well defined -typ ed algebra.

Let b e an extensional -sorted algebra, then

Let b e an -sorted algebra. Then

is isomorphic to an -typ ed algebra if, and only if, is extensional.

Clearly

, every -typ ed Σ algebra is extensional. However, there exist extensional Σ algebras

which are not –typ ed Σ algebras, for example consider the term algebra (Σ ). Nevertheless,

given an extensional Σ algebra we can always use the following to obtain

an –typ ed Σ algebra which is isomorphic to .

Let b e an extensional -sorted Σ algebra. W e define the of

to b e the -typ ed Σ algebra with -indexed family of carrier sets = , where

= W e define each element by induction on the complexity of typ es as

follows. F or each basic typ e and each define = F or each pro duct typ e ( )

and each define = ( ( ) ( )) F or each function typ e ( ) and

each define : on each by

( ) = ( )

Finally

, for each limit typ e and each define

=

( ) if exists , and such that ( ) = ;

( ) otherwise.

The constants and algebraic op erations of are defined as follows. F or each typ e and

each constant symb ol Σ , define = F or each , each = (1) . . . ( ) , each

function symb ol Σ and any ( . . . ) , define ( . . . ) = ( . . . )

In order to ensure that the op erations of are well defined we need the following result.

Σ

= =

T rivial. By induction on the complexity of typ es.

Σ

Σ

It can easily b e shown that is cumulative. Clearly

, by Prop osition 3.3 we know the

op erations of are well defined. Thus, it only remains to show that the pro jection, ev aluation

and injection op eration symb ols are interpreted correctly in . This is straightforward and is left

as an exercise for the reader.

Σ =

Using Prop osition 3.3 it is easily verified that the map : defined by ( ) = ,

for each and , is a well defined isomorphism.

An immediate consequence of the ab ove Lemma is the following representation theorem for

extensional Σ algebras which is a further generalisation of the Collapsing Theorem of Shepherdson

and Mostowski.

(Mostowski, Shepherdson) Σ

Σ

′

′

□

□

□

□

Ext

Ext

Ext

Ext

( )

1 1 2 2

( )

( )

( ) ( )

( )

′

×

′ ′

×

′

′

→

→ →

′

→

′

− ′

′ ′

′ − ′ ′

′

′ τ τ τ

σ τ

A σ

A A τ

A σ τ

σ τ

σ σ τ

A τ σ τ

A σ τ

τ

τ

A β τ

A τ

τ

A β τ

A

τ τ

Pro of.

3.7 Definition.

Ext

3.8 Definition.

3.9 Definition.

⇒

⇐

≤ ≤ |

∈

≤ ∈

∈

∈

≡ ⟨ ≡ ⊆ × | ∈ ⟩

≡

× ∈ ∈

≡ ≡ ⇒ ≡

→ ∈ ∈

∀ ∈ ≡ ⇒ ≡

∈ ∈ ≤ ∈

≡ ⇒ ≡

∈ ∈ ≤

≢

∈ ∈

S

A B A

B A B A B A K

K A B B K

A B A K

A B B

A B A B

K K

A B A K B A

B K

A A τ S S

A

σ τ S a, a A

a a a a a a .

σ τ S a, a A

b A a, b a , b a a .

β S τ S β τ < β a, a A

a a a a .

β S τ , τ S β τ , τ < β τ τ

a a ,

a A a A extensional sub algebr a

close d under extensional sub algebr as

Alg

Alg

extensional homomor-

phic image

close d under extensional homomorphic images

extensional c ongruenc e

pr oj pr oj pr oj pr oj

eval eval

inj inj

inj inj

F ollows since every -typ ed Σ algebra is extensional.

F ollows directly from Lemma 3.5.

W e now consider which basic algebraic constructions preserve or induce extensionality

. It can

b e easily shown that the class of all extensional Σ algebras need not b e closed under the formation

of subalgebras and this leads us to define a stronger notion of subalgebra.

Let and b e Σ algebras. W e say that is an of

, written if, and only if, and = . Let b e any class of Σ algebras then

is if, and only if, for any Σ algebras and , if

and then .

Clearly

, (Σ) is closed under the formation of extensional Σ subalgebras. Since the ex-

tensionality sentences for any higher–order signature are all Horn sentences which are preserved

under direct pro ducts it follows that the class of all extensional Σ algebras (Σ) is closed

under non-empty direct pro ducts. Note that empty direct pro ducts are excluded since they cor-

resp ond to unit algebras which are not in general extensional algebras. However, the class of all

extensional Σ algebras need not b e closed under homomorphic images and this leads us to define

a more restrictive notion of homomorphic image.

Let and b e Σ algebras. W e say that is an

of if, and only if, is a homomorphic image of and is extensional. F or any

class of Σ algebras we say is if, and only if,

for any Σ algebras and , if and is an extensional homomorphic image of then

.

Clearly

, the class of all extensional Σ algebras is closed under extensional homomorphic im-

ages. Next we intro duce the notion of extensional Σ congruence.

Let = b e a Σ congruence over an -sorted Σ

algebra . Then is said to b e an Σ if, and only if, it satisfies the fol-

lowing four conditions.

(i) F or each pro duct typ e ( ) and ,

( ) ( ) and ( ) ( ) =

(ii) F or each function typ e ( ) and ,

( ( ) ( )) =

(iii) F or each limit typ e , each typ e , and any ,

( ) ( ) =

(iv) F or each limit typ e , any typ es , and = ,

( ) ( )

for all , .

2

□

□

′ ′ ′

′

4 F ree Algebras

τ

K K

τ τ

τ

K

τ τ τ

K

K

K

K

K

Ext

Ext

Ext

Ext

Ext

3.10 Theorem.

Pro of.

Ext

4.1 Definition.

∈ ≡

≡ ∈

≡ ≡

≡

⇒ ≡ → ≡

≡

⇐ ≡ ≡

⊆

∈ →

→

∈

∅

∈

⟨ | ∈ ⟩

⊆

|

≡ ⟨≡ ⊆ | ∈ ⟩ ∈

∈ ≡ ∈

→ |

≡

≡

Con

Con

close d under

extensional quotients

nat

Alg Alg

Alg

Alg

Alg

Let b e an -sorted algebra and b e a congruence on . Then is

extensional if, and only if, is an extensional congruence on .

A S A

A A S

A K

A A K

A/ K

A

A S A A/

A

A/ A A/

A

A/

S K F

K X F F K X

A K α X A,

α F A α S X F F

X F K F K X

F K F

A K F K

S S X X τ S T , X

X K X

T , X T , X X

T

K

S K

T , X τ S τ S

t, t T , X t t α t α t A K

α X A K t t K

T , X / T , X

T , X K X

T , X K K

Let b e an -sorted Σ algebra then ( ) denotes the set of all extensional Σ congruences

on . Note that ( ) may b e empty

, for example if contains a limit typ e with at least

two typ es b elow it and is a unit algebra. A class of Σ algebras is said to b e

if, and only if, for any Σ algebra , if and is an extensional Σ

congruence then .

W e can characterise those congruences on a Σ algebra which yield extensional quotient

algebras as follows.

Σ Σ

Σ

Supp ose that is extensional. Since the natural mapping :

is an epimorphism it is straightforward to show that its kernel is an extensional Σ congruence

on .

Supp ose that is extensional. Then we must prove that is extensional. This is

straightforward and is left as an exercise for the reader.

In this section we consider the existence of free and initial extensional algebras and the closure

conditions necessary for a class of extensional Σ algebras to contain free and initial algebras.

Let Σ b e an -sorted signature and let b e a class of Σ algebras. Let b e a Σ algebra (not

necessarily in ) and let . Recall that is said to b e free for on if, and only if,

for each and each assignment : there exists a unique homomorphic extension

: of . The -indexed family is termed the family of sets of generators for and

is said to b e freely generated by . If in addition then we say that is free in on .

If is free for (resp ectively in) on then there exists a unique homomorphism from to each

algebra and we say that is initial for (resp ectively in) .

W e now consider the existence and construction of free extensional algebras. Recall that for

any -typ ed signature Σ and any -indexed family = of sets of v ariables, (Σ )

is free in (Σ) on and is thus free for each class (Σ) on . It is straigtforward

to show that (Σ ) = . Thus it follows that (Σ ) is free in (Σ) on and in

particular, (Σ) is initial in (Σ). Recall the concrete construction of a free algebra for a

non-empty class of Σ algebras.

Let Σ b e an -typ ed signature and let b e any non-empty class of Σ al-

gebras. Define the Σ congruence = (Σ ) for each and any terms

(Σ ) by if, and only if, ( ) = ( ) for each and each assignment

: , i.e. = = . It can easily b e shown that if is a non–empty extensional class of

Σ algebras then is an extensional Σ congruence.

W e denote the quotient algebra (Σ ) by (Σ ). By a basic result of universal

algebra (Σ ) is free for on . F urthermore, by a result of Birkhoff [1935] a sufficient condi-

tion for (Σ ) to b e in is that is closed under the formation of isomorphic images, direct

pro ducts and subalgebras. However, as we have already seen in Section 3, the class (Σ)

of all extensional Σ algebras need not b e closed under subalgebras. So which extensional classes

contain free algebras? T o answer this question we generalise a result of Meinke [1992] which

□

□

⋂

⋂

⋂

∈

∈

∈

∈

2

( )

( )

( )

2

( )

( ) ( )

( )

4.2 Theorem.

Pro of.

4.3 Theorem.

Pro of.

Ext

Ext

Ext

Ext

Ext

Min K

Min

Min

Min

Ext

Min Min

Min K

Ext

K

K K

τ τ

K

K K

K

i I i

K K

K

i I i

i

i i i

i i

i

i I i K

K

K

i I i

K

K

K

K

τ

τ

K

K K

E xt

| | ≥

∈

≈ ⟨≈ ⊆ | ∈ ⟩ ≈

{≡∈ | ≡ ∈ }

≡ ≈

| | ≥ ≈ ≡

≡ ≈

≈ → ≡

∈ ≡ ∈

≡ → ≡ ≡ ≤

≡

∼

≡ ∈

≡ ∈

≡ ∈ ≈

≈

≈ ≡

≈ ∈ ∈

⊆

≈ ⟨≈ ⊆ | ∈ ⟩

≈ {≡∈ | ≡ ∈ }

≡ ≈

⊆

Con

Alg

Alg

Alg minimal

tr ansfinite initial extensional mo del

Min

Min

Con Min

tr ansfinite initial extensional mo del

Eqn

Min

S κ S

X K

X κ

T , X K .

T , X τ S C

C T , X T , X / A K .

S κ

T , X S X

X κ I C

I

ϵ T , X / T , X / .

i I T , X / A K

ϕ T , X / A. T , X / ϕ T , X /

A. T , X / ϕ T , X / A K K

T , X / K K

T , X / K

T , X /

ϵ T , X / T , X / K

T , X / K T , X K .

T

E

K

K

K K

K

K T K

T τ S

T T / A K .

K

T

T

E , X

, E I , E

There exists an -indexed family of cardinals such that for every -indexed

family of sets of v ariables and every non-empty class of extensional algebras which is closed

under isomorphic images, non-empty direct pro ducts and extensional subalgebras, if then

Let b e any non-empty class of extensional algebras which is closed un-

der the formation of isomorphic images, non-empty direct pro ducts and extensional subalgebras.

If admits a minimal algebra then is initial in .

extended the result of Birkhoff to higher–order algebras with pro duct and function typ es.

Σ

(Σ )

Define the Σ congruence = (Σ ) by = , where

= ( (Σ )) (Σ ) emb eds in some

Then we can show there exists an -indexed family of cardinals such that and are

identical extensional Σ congruences on (Σ ) for any -indexed family of sets of v ariables

with (see Steggles [1995]). Let b e any indexing set for such that = (note

that is non-empty since = is extensional and so cannot b e the unit congruence). By a

basic result of sub direct pro ducts, there exists a sub direct emb edding

: (Σ ) Π (Σ )

F or each we have (Σ ) emb eds in some so we can define a Σ emb edding

: (Σ ) By Theorem 3.10, (Σ ) is extensional and so ( (Σ ) )

F urthermore (Σ ) = ( (Σ ) ). Therefore, since and is closed under

isomorphic images and extensional subalgebras it follows that (Σ ) . Since is closed

under the formation of non-empty direct pro ducts it follows that Π (Σ ) . As is

an extensional Σ congruence it follows by Theorem 3.10 that (Σ ) is extensional. Since

emb eds (Σ ) in Π (Σ ) and is closed under the formation of isomorphic

images and extensional subalgebras it follows that (Σ ) . Thus, (Σ )

Unfortunately

, Theorem 4.2 provides no information ab out the existence of initial algebras.

W e know the class (Σ) of all extensional Σ algebras admits an initial algebra, namely

(Σ), but this turns out to b e unusual. Generally

, most sub classes of (Σ), for example

those satisfying some set of equations , do not contain initial algebras. Nevertheless, a sub class

(Σ) satisfying the closure conditions of Theorem 4.2, which admits a algebra,

do es admit a minimal algebra which approximates the prop erties of an initial mo del. W e refer

to this minimal algebra as the ( ) . Given any class of Σ

algebras we let ( ) denote the class of all minimal Σ algebras in .

Σ

(Σ) ( )

Define the Σ congruence = (Σ) by

= ( (Σ)) (Σ) emb eds in some ( )

Supp ose admits a minimal algebra. Then we can show that and are identical

extensional Σ congruences on (Σ) (see Steggles [1995]). The remainder of the pro of is similar

to the pro of of Theorem 4.2.

W e term (Σ) the ( ) to emphasize the fact that it

is initial in a weaker, but still non-trivial, sense. F or any equational theory (Σ ) we

denote the initial extensional mo del in the class (Σ ) by (Σ ).

′

′

′

×

× × × ×

→

→ →

−

5.1 Definition.

⊆ B B

⟨ | ∈ ⟩

∈ ∈

∈ ∈

∈ ∈

∈ ∈ ∈ ∈

∈

× ∈ ∈

→ ∈ ∈

∈

∈ ∈ ≤ ∈

E xt

τ

τ

τ

τ

σ τ

τ

σ τ

σ τ , σ τ , σ τ , σ τ ,

σ τ

σ

σ τ σ τ

τ

τ τ

5 T ransfinite Higher–Order Equational Logic

0 1

0 1

1 0

0 1 2

0 1 1 2

0 2

0 1

0 1

0 1

0 1 ( )

( ) 1

0

( ) 1

1

( ) 2

0

( ) 2

1

0 1

0 1 ( )

0 1

( )

0

( )

1

0 1

0 1

0 1

0 1

E

I , E

E

S H S

X X τ S S

τ S t T , X

t t

τ S t , t T , X

t t

t t

τ S t , t , t T , X

t t , t t

t t

σ S t, t T , X τ S x X

t , t T , X

t t , t t

t x/t t x/t

σ τ S t , t T , X

t t , t t

t t

σ τ S t , t T , X

x X t t

t , x t , x

t t

β S τ S β τ < β t , t

T , X

t t

t t higher–or der

e quational lo gic with tr ansfinite typ es tr ansfinite higher–or der e quational

lo gic

initial extensional mo del

tr ansfinite higher–or der e quational lo gic

r eflexivity

symmetry

tr ansitivity

substitution

pr oj pr oj pr oj pr oj

pr oje ction

eval eval

evaluation

inj inj

W e extend the higher–order equational logic presented in Meinke [1992] to a

(referred to as simply

). W e show that transfinite higher–order equational logic is b oth sound and complete with

resp ect to extensional Σ, algebras. W e then extend this transfinite higher–order equational

logic with an infinitary inference rule for function typ es and show that this new calculus provides

a concrete construction of the (Σ ), which is initial in the class of

all minimal extensional Σ, algebras.

In the sequel let ( ) b e a typ e structure over some typ e basis and let Σ b e an -typ ed

signature. Let = b e an -indexed family of non-empty sets of v ariable symb ols.

T o avoid the problems asso ciated with empty carrier sets in the many-sorted case we assume that

Σ is non-void.

The (ordinary) inference rules of are

the following.

(i) F or any typ e and any term (Σ ) ,

=

is a rule.

(ii) F or any typ e and any terms (Σ ) ,

=

=

is a rule.

(iii) F or any typ e and any terms (Σ ) ,

= =

=

is a rule.

(iv) F or each typ e , any terms (Σ ) , any typ e , any v ariable symb ol

and any terms (Σ ) ,

= =

[ ] = [ ]

is a rule.

(v) F or each pro duct typ e ( ) and any terms (Σ ) ,

( ) = ( ) ( ) = ( )

=

is a rule.

(vi) F or each function typ e ( ) , any terms (Σ ) and any v ariable symb ol

not o ccurring in or ,

( ) = ( )

=

is an rule.

(vii) F or each limit typ e , each typ e such that and any terms

(Σ ) ,

( ) = ( )

=

□

□

□

□

′ ′

′

→

→ →

0 1 ( )

( )

0

( )

1

0 1

Ext

Ext

Ext

Ext

Ext

E E

τ

τ

E

E

E

E

E

E

E E

E

E xt

σ τ

σ τ σ τ

σ

⊢ ⊆

∈ ⊢

⊢

⊆ ∈

⊢ ⇒ |

⊆

⊆ ̸∅

⊆

≡ ≡ ⇔ ⊢ ∈

∈ ⊆

≡

≡

⊢

≡

⊆ ∈

⊢ ⇔ ≡ |

⊢

⊆

∈

⊢ ⇔ |

⇒

⇐ ⊬ ≡ |̸

̸∅ ≡

≡ | ≡ |̸ |̸

≡

B

→ ∈ ∈

⟨ | ∈ ⟩ inje ction

Eqn

Eqn

sound

Eqn Eqn

Alg

Eqn

Eqn c onsistent Alg

Eqn

Eqn

Eqn Eqn

Eqn

Eqn

Alg

Alg

Alg

eval eval

5.2 Soundness Theorem.

Pro of.

5.3 Prop osition.

Pro of.

5.4 Completeness Theorem.

Pro of.

5.5 Definition.

Let b e an equational theory and let

b e any equation. Then

Let b e an equational theory and let b e

any equation. Then

Let b e a consistent equational theory and

let b e any equation. Then

E , X

e , X E e e E

, E

E , X e , X

E e , E e.

E , X

E , X , E

S E , X

T , X t t E t t , τ S

t, t T , X E , X

T , X

T , X /

E

T , X /

E , X e , X

E e T , X / e.

, E

E , X

e , X

E e , E e.

E e T , X / e

, E T , X /

T , X / E T , X / e , E e.

T /

I , E T

E ω

S S

σ τ S t , t T , X

t , t t , t t T

t t is an rule.

Let denote the inference relation b etween equational theories (Σ ) and equations

(Σ ), defined by if, and only if, there exists a (finite) pro of of from using the

rules of transfinite higher–order equational logic. W e can prove that is with resp ect to

extensional Σ algebras.

(Σ ) (Σ )

(Σ ) =

By induction on the length of pro ofs.

Note that an equational theory (Σ ) may have no extensional mo dels, for example

if it contains an equation which contradicts extensionality axiom 3.1.(iv). W e say an equational

theory (Σ ) is if, and only if, (Σ ) = .

Given an -typ ed signature Σ and an equational theory (Σ ) we define the con-

gruence over the term algebra (Σ ) by = for and any terms

(Σ ) . Let (Σ ) b e a consistent equational theory

. Then it is straightforward

to show that is an extensional Σ congruence on (Σ ). Thus, by Theorem 3.10 we know

that (Σ ) is extensional.

Before b eing able to prove that is complete with resp ect to extensional Σ, algebras we

need to show that (Σ ) is equationally generic.

(Σ ) (Σ )

(Σ ) =

The pro of is omitted for brevity (see Steggles [1995]).

W e now prove that is complete with resp ect to extensional Σ algebras.

(Σ )

(Σ )

(Σ ) =

By Soundness Theorem 5.2.

Supp ose that then by Prop osition 5.3 we know (Σ ) = . By consistency

(Σ ) = and so it follows that (Σ ) is extensional. Also by Prop osition 5.3 we

have (Σ ) = but (Σ ) = . Thus, (Σ ) =

In general the quotient algebra (Σ) is not extensional and thus cannot b e taken as the

initial extensional mo del (Σ ). T o construct a quotient algebra of (Σ) which is b oth a

mo del of and extensional we need to add the following (infinitary) –ev aluation rule to trans-

finite higher–order equational logic.

Let b e a typ e structure over a typ e basis . Let Σ b e an -typ ed signature.

F or each function typ e ( ) and any terms (Σ ) ,

( ) = ( ) (Σ)

=

□

□

□

( )

( )

( )

( ) ( )

( ) ( )

6 A Simple Sp ecification Example

5.6 Prop osition.

Pro of.

5.7 Theorem.

Pro of.

⊢ ⊆

∈ ⊢

⊢

|

⊆ ⊢

≡

̸∅

≡

⊆ ∈

⊢ ⇒ ≡ |

≡ |

≡ ∈

≡ ≡

⊆

̸∅

≡

∼

≡

≡ ∈

→ ≡

≡

≡ → ∈

∈

P R P R

P R

Ext

Ext

Ext

Min K

Ext

Ext

Ext

Min K

Min K

Ext

Min K Min K

Min K Min ω

ω

ω

ω

E ,ω

E ,ω

ω

E ,ω

E ,ω

E ,ω

E ,ω E ,ω

E xt

E ,ω

E ,ω

E ,ω

E ,ω

E ,ω

E ,ω

τ E ,ω K

τ

ω

ω

–evaluation rule

Eqn

Eqn

sound

Eqn

Min

Min

Eqn Eqn

Min

Min initial

extensional mo del

Eqn Alg

Min

Min

Min Min

undef

Let b e an equational theory and let b e

any equation. Then

Let b e any equational theory and let If

then

and hence is initial in .

ω

E , X

e , X E e e E

ω E e

A e E A ω

E , X

T , E

E , E

T

E , X e , X

E e T / e.

T / E

E T / , E .

T / T T /

, E

I , E

E , X K , E .

, E

T / T ,

T / K

K T

K T / , E .

ϕ T T / . T

T / E

ψ T / T . ψ ψ t t , τ S

t T ψ

ω , E

ψ

ω

ω is an (infinitary) .

Let denote the inference relation b etween equational theories (Σ ) and equations

(Σ ), defined by if, and only if, there exists a pro of of from using the infer-

ence rules of transfinite higher–order equational logic and the -ev aluation rule. Clearly

, if

then = for every minimal extensional Σ, algebra , i.e. the -ev aluation rule is with

resp ect to minimal mo dels. Given an equational theory (Σ ) we can use to define a

Σ congruence on the ground term algebra (Σ) in the usual way

. Let (Σ ) denote

the class of all minimal, extensional Σ, algebras. If (Σ ) = then it is straightforward

to show that is an extensional Σ congruence on (Σ).

(Σ ) (Σ )

(Σ) =

The pro of is omitted for brevity (see Steggles [1995]).

F rom the ab ove prop osition we know that (Σ) = . Thus if there exists a minimal

extensional Σ, algebra then by Theorem 3.10 and Prop osition 5.6, (Σ) (Σ )

Finally

, we prove that (Σ) is isomorphic to (Σ) and thus, that (Σ)

is initial in (Σ ). Therefore it may b e taken as a concrete construction of the

(Σ ).

(Σ ) = (Σ )

(Σ ) =

(Σ) = (Σ)

(Σ) ( )

Since is an equational class we know by Theorem 4.3 that (Σ) is ini-

tial in ( ). By Theorem 3.10 and Prop osition 5.6 we have (Σ) (Σ )

Therefore, there exists a homomorphism : (Σ) (Σ) Since (Σ) and

(Σ) are b oth minimal Σ, algebras we need only show that there exists a homomorphism

: (Σ) (Σ) Define by ([ ] ) = [ ] for each and each term

(Σ) . Then is well defined since the rules of transfinite higher–order equational logic and

the -ev aluation rule are sound for every minimal extensional Σ algebra. It only remains to

prove that is a homomorphism which is straightforward to do.

In this section we demonstrate the use of transfinite typ es for mo delling p olymorphism and

partiality by considering the sp ecification of a simple p olymorphic functional programming lan-

guage which is based on the functional programming language of primitive recursive

functions (see Thompson [1987]). In this sp ecification example the first limit typ e is used to

allow infinite schemes of functions to b e replaced by p olymorphic functions. These p olymorphic

functions are partial and return a v alue of typ e whenever they are undefined for a particular

typ e. W e present an + 1–order equational sp ecification of which we show is correct under

higher–order initial algebra semantics. Our definitions and results generalise those for the algebra

of primitive recursive functions over the natural numb ers presented in Meinke [1994].

⋃

N

□

□ ω

ω

ω ω

ω

ω

ω

∈

∗

→

→

×

×

×

×

×

×

→

→

→

⊥

→ → →

→ → →

N

N N

6.1 Definition.

6.2 Definition.

nat nat nat nat

PR

PR

PR PR

undef

PR

PR

PR

+

0 +1

( )

( )

( ) 1

( )

( ) 2

( )

( )

( )

( )

+

( )

1 2

( )

( ) ( ) ( )

( ) ( ) ( )

∈

∈ ∈

∈ ∈

∼

B ∈ B ≥

× · · · × × × · · · ×

∈ B ∈ B

× · · · ×

B ∪ { } ⊆ B

B

∪ { → }

B ∪ { × | ∈ }

∈ ∈ ⊆ ∈

∈ × ∈

∈ ∈

⟨ ⟩ ∈

∈ ∈ ∈

∈ ∈ ∈ ∈

∈ ∈

∈

⟨ ⟩ ∈ | ∘ ∈

∈

∈ λ, ,

A A

ω

ω ω

ω ω ω ω

ω

i i n n n

ω

w ,τ ω

w ,τ ω

λ,

ω ω ω

ω ω ω ,ω

σ τ , ω

σ τ ,σ σ τ , ω

σ τ ,τ

σ τ ω

σ τ , σ τ

τ ω

τ ,ω

λ,τ ω ω

λ, ω ω

w ,τ ω ω

λ, ω ω

ω ω , ω , ω

λ, ω ω

ω ω

ω ω ,ω ω

ω ω ω ω , ω ω

τ ω

ω ω ω ω , ω ω

S S S

succ A A

succ n n n , E

A I A.

ω

A A

, E A

, E A

τ , , τ n H n

τ τ n τ τ τ n

w τ τ n w H

w τ τ n .

S S S H S

S

S ω , ω ω ,

, S σ τ σ, τ .

S S

w S τ S .

, σ τ S

, ,

. ,

τ S τ < ω . τ S

c c . w S τ S

f f .

, , , ,

. , , , , , ,

τ S τ < ω

.

nat

Sp e c

Sp e c

PR

PR PR

Sp e c

PR Sp e c PR PR PR

PR

undef

PT

PT PT PT PT PT PT

PR

PR err or PR

eval PR

pr oj PR pr oj PR

PR

inj PR

PR

PR

id und fn pr oj pr oj PR

und PR pr switch PR

c ase PR

F or the remainder of this section let b e a sort set such that and let Σ b e an –sorted

signature such that 0 Σ and Σ . Let b e any Σ algebra such that = ,

0 = 0 and ( ) = + 1, for any , and let = (Σ ) b e a correct first–order

equational sp ecification of under first–order initial algebra semantics, i.e. ( ) =

W e use the first–order signature Σ to define an + 1–order signature (Σ) which names all

the basic functions and function buildi ng op erations in our p olymorphic functional programming

language. W e then use the Σ algebra to construct a standard (Σ) mo del ( ). Using

the equational sp ecification = (Σ ), which by assumption is a correct sp ecification of

under first–order initial algebra semantics, we construct a higher–order equational sp ecification

( ) = ( (Σ) ( )) which we show correctly sp ecifies ( ) under higher–order

initial algebra semantics.

The following technical definition is needed in the sequel.

Let b e any typ e basis. F or any typ es (1) . . . ( ) ( ), 1 we

let ( (1) ( )) denote the pro duct typ e ( (1) ( (2) ( ))).

F or each non–empty word = (1) . . . ( ) define the typ e ( ) by

= ( (1) ( ))

W e b egin by constructing a signature (Σ) for our p olymorphic functional programming

language using the signature Σ as follows.

Let ( ) = b e a typ e basis and let ( ( )) b e a

typ e structure over the typ e basis ( ) defined by

= ( )

where = and = ( ) and = ( ) Define

the –typ ed signature (Σ) to b e the smallest –indexed family of sets satisfying the

following conditions.

F or each and we have Σ (Σ) and (Σ) W e have

(Σ) for each pro duct typ e ( ) ,

(Σ) (Σ)

(Σ)

and for each such that , (Σ) F or each and each constant

symb ol Σ , (Σ) F or each , and each function symb ol

Σ , (Σ) W e also have

(Σ)

? (Σ) (Σ)

and for each typ e such that ,

(Σ)

PR

∐

{

{ ω ω

ω

ω

ω

ω

ω

ω

ω

ω

6.3 Definition.

×··· ×

×

⟨ ∈ | ⟩

→

∗

×

×

×

×

×

→

→

×

×

→

→ → →

→ → →

PR PR

PR

PR

undef

PR

P P PR

P P

P

P P

PR

P

P

P

P

P

P P

P P P P

P

PR

P

PR

P

P

P

P

P P

P

P P

( ) 1 1 1 1

1 2

( (1) ( ))

( )

( )

( ) 1

( )

( ) 2

( )

( )

( )

( )

+

1 1 1

1 2

1

1 1 2

1 2 ( )

2

2 1 2

1 2 ( )

( )

( ) ( ) ( )

( ) ( ) ( )

× · · · × ∈ ≥

∈ ≤ ≤ ⟨ ⟩ ⟨ ⟩ ⟨ ⟩

⟨ ⟨ ⟩ ⟩

{⊥} ∈

× ∈ ×

→

∈ ∈

∈ ⊥ × ∈

→ →

⟨ ⟩ × → ∈ ∈

⟨ ⟩ × →

∈ →

∈ ∈ →

∈ ∈ ∈ ∈

→ ∈

∈

⊥

∈ →

→ ⊥

→

×

× ∈ ∈

⊥

×

× ∈ ∈

⊥

∈ ⟨ ⟩ × →

⟨ ⟩ ×

∈ × →

⊥

∈ ∈

| × → | ⟨ ⟩

∘ × → ∘ ω

i τ i n

B B n

B

n

B τ τ n

B

ω ω

ω ω

ω

τ τ

σ τ σ τ

ω

τ S τ <ω τ ω ω ω ω

w ,τ A

σ τ ,

σ τ σ σ τ ,

σ τ τ

σ τ σ τ σ τ

ω ω

ω ω ω ω

τ

τ ω

λ,τ ω

ω ω

ω ω

A w ,τ

ω

ω ω ω

ω A n n n w

ω ω

ω ω ω

ω ω ω , ω ,

ω ω

ω ,

σ τ

ω ,

σ τ

ω ω

ω ω ω

ω

ω ω ω ω

ω ω ω

ω ω ω ω ω ω ω

ω ω ω ω ω ω

S B τ τ n S n

x B i n x , , x x x n > x , , x

x , x , , x

A A

S A

ω S

, τ S A ,

σ τ S ,

, .

w S τ S

f f f σ τ S

. a b

a, b a, b .

τ S τ < ω

τ S c c

a c a τ , c . w S τ S f

f a

f a τ , f a , , a , a w , a , , a a , , a

, ,

a a a,

a , , ω ,

a σ, a , a σ τ , a , a

σ τ S a , a

, ,

a τ , a , a σ τ , a , a

σ τ S a , a

, ,

σ, a , τ , b ω .

σ, a , τ , b σ τ , a, b .

a, b

a, b b, a ,

a,

f , g a

, f g a f a , g a ,

, f g a f g a .

PR

PR PR

PR PR

PR P

P P P

P P P

P P P P P

P

err or

pr oj P P pr oj P P

P P P P P

eval P P P

inj P P

c onstant function P P

P

P P P

P

undef

P identity function id P P id undefine d function

und fn P P und fn undef pr oje ction functions pr oj pr oj

P P

pr oj P

undef

pr oj P

undef

P p airing function P P P

P und P P P

und undef

P P ve ctorisation function

P P P

c omp osition function

P P P

Given any –typ ed (Σ) algebra , any typ e ( (1) ( )) , 1 and

any , 1 we define . . . by = and for 1, . . . =

. . . .

W e can construct a standard (Σ) algebra ( ) using the Σ algebra as follows.

W e construct the –typ ed (Σ) algebra ( ) as the minimal subal-

gebra of a complete + 1–order –typ ed (Σ) algebra which is defined as follows.

Define the carrier sets of by = for each typ e , = for each pro duct

typ e ( ) , = ( ) and

= = [ ]

Define the constants and op erations of as follows. F or each , and each

symb ol Σ define = and define = . F or each pro duct typ e ( )

define : , : to b e the left and right pro jection

functions and define the pairing function : on each and by

= ( ) Define : to b e the ev aluation function and for each

typ e such that define : to b e the canonical injection function. F or

each and each constant symb ol Σ define the : on each

by ( ) = ( ) F or each , and each function symb ol Σ define

: on each by

( ) =

( ( . . . )) if = ( ( . . . )), for ( . . . ) ;

( ) otherwise.

F or each define the : by ( ) = the

: by ( ) = ( ) and the – :

by

( ) =

( ) if = (( ) ( )), for some pro duct typ e

( ) and ( ) ;

( ) otherwise;

( ) =

( ) if = (( ) ( )), for some pro duct typ e

( ) and ( ) ;

( ) otherwise.

F or any ( ) ( ) define the – : by

( ) ( ) = (( ) ( ))

F or any define ? : by

? ( ) = if = ( );

otherwise.

F or any and any define the

: ( )( ) = ( ) ( )

and the

: ( )( ) = ( ( ))

□ ω

ω

ω

ω

{

{

{

→ → → →

⊥

→ → →

⊥

→ → →

⊥

6.4 Examples.

N B

N B

( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

Σ

+1 +1 1

1 2 2 2

( )

1 2

1 2

1 2

× → ∈

× ∈ ∈

×

∈

×

⟨ ⟨ × ⟩ ⟩

∈ ̸× ∈

⊥

× → ∈

⊥

∈ × → ∈

∈

∼

|

P R

→ ∈

× × · · · ×

≥

⊥

≡ ∘ ∘ ∘

∈

∈ ∈ ∈ ∈

∈ ∈ ω ω ω ω ω ω ω ω

τ

ω ω

ω

ω ω ω ω ω ω ω

τ

ω ω ω ω ω ω ω

τ τ

ω ω

ω ω

ω

ω

ω ω

ω ω

ω

i i n

ω , ω ω ω , ω , ω ,

A

λ, , λ, ,

B B B B

B

P

PR

P

nat

P

P P P

PR

P

P

P

PR

P

P

PR

NB NB

NB

NB

NB

nat

NB

nat nat

NB

b o ol

NB

b o ol b o ol b o ol

NB

NB

nat b o ol f , g

τ S b

f , g τ , , b f τ , b ,

n

f , g τ , n , b

g , n , τ , b , f , g τ , n, b .

τ , b τ σ σ S

f , g τ , b , .

a

f , g a g a , f a ,

f a ,

τ S τ < ω a

f , g a f a , a τ , b b

g a ,

A A

A A A A

A A b A

b τ , a , b τ τ n , i, a , , a

n i < n

, ,

, , .

.

S , S S

, succ , , , .

B S B , B ,

, , , succ n n ,

b , b

, b b

,

n b , b primitive r e cursion op er ator pr P P P P

nat P

pr nat

P

pr nat

nat pr nat

P nat

pr undef

switch P P P P

switch undef

c ase P P P P

c ase

P

PR P PR

PR PR

pr ojn PR PR PR

pr ojn nat

undef

PROJ switch pr oj id pr id pr oj pr oj pr oj

PROJ pr ojn

nat b o ol

T rue F alse EOR

T rue tt F alse ff

EOR tt tt tt

ff

W e define the : on any

as follows. F or each pro duct typ e of the form ( ) and any define

( )(( ) (0 )) = ( )

and for any define

( )(( ) ( + 1 )) =

( ( ) ( ) ( )(( ) ( )) )

F or each ( ) such that = ( ), for any define

( )( ) = ( )

Define : on each by

( )( ) =

( ) if ( ) = ( );

( ) otherwise.

F or each typ e , define : on each by

( )( ) =

( ) if = ( ), for some ;

( ) otherwise.

Define ( ) to b e the minimal subalgebra of . Note that ( ) is a countable algebra

and that the Σ algebra is preserved in ( ), i.e. = ( ) .

W e now present some simple examples of p olymorphic functions that can b e constructed using

the functional programming language .

(i) Consider the pro jection function : ( ) ( ) defined on each ( )

by

( ) =

( ) if = (( (1) ( )) ( . . . )),

for some 1 and ;

( ) otherwise.

Define the function term

( ( ) ( ( ( ( )))))

Then we can show that =

(ii) Let b e a sort set such that and let Σ b e an –sorted signature such

that

0 Σ Σ Σ Σ

Let b e an –sorted Σ algebra with carrier sets = = and constants and

functions defined by 0 = 0 = = ( ) = + 1 and

( ) = if either = or = but not b oth;

otherwise;

for any and .

□

⊥

×

⊥

→

{

ω

ω ω

ω

ω

ω

ω

ω

ω

6.5 Definition.

2 2

( )

( ) ( )

1 2 1 2

( )

( )

( )

( )

1 2

+

1

(1) ( )

1 1 nat

PR

PR PR

nat nat

PR

PR

PR

nat PR

PR

PR

undef

→ ∈

×

⊥

≡ ∘ ∘

→ ∈

×

×

⊥

⊆

∈ ∈ ∈ ∈ ∈

× ∈

⟨ ⟩ ⟨ ⟩

∈ ∈

∈ ∈ ∈ ∈

∈

⟨ ⟩

∈ ω

ω ω

ω ω

ω

ω ω ω , ω ,

B τ

B B

ω

ω ω

ω ω

ω

B

ω

B

ω

B

ω

ω

ω ω ω

ω ω

ω ω ω τ τ

τ

σ τ σ σ τ τ

λ,τ

ω τ

w ,τ

τ n τ n

ω w

n τ

n

ω σ σ

ω

B B a B

a

, n m , a , n, m

, ,

, , succ .

.

B B a B

a

, n m , a , n, m

, b , b , a , b , b

, ,

, ,

, .

ω A

, E A

X S ω

, E ,

E , X ω

E

Y , Z X x, y X t X τ S x , y X

σ τ S

x , y x , x , y y . a, b

τ S c

c x c .

w τ τ n S τ S f x

X , , x X

f x , , x f x , , x , a

σ S σ < ω σ w

f x . b

x x, add PR PR PR

add nat nat nat

undef

ADD pr c ase id und fn pr oj pr oj

ADD add c ase switch

add e or PR PR PR

add e or nat nat nat

b o ol EOR b o ol b o ol

undef

c ase ADD EOR add e or

switch ADD EOR add e or

PR

Sp e c

PR Sp e c

PR Sp e c PR PR

PR Eqn PR

Sp e c

pr oj pr oj

inj

inj inj

inj inj err or

id

Consider the addition function : ( ) ( ) defined on each ( ) by

( ) =

( + ) if = (( ) ( ));

( ) otherwise.

Define the function term

( ( ) )

Then it is straightforward to show = W e can use and

to combine function terms to pro duce overloaded p olymorphic functions. F or example consider

the function : ( ) ( ) defined on each ( ) by

( ) =

( + ) if = (( ) ( ));

( ( )) if = (( ) ( ));

( ) otherwise.

Then we can show that

( ) =

( ) =

W e construct an + 1–order equational sp ecification of ( ) based on the first–order equa-

tional sp ecification = (Σ ) for the Σ algebra as follows.

Let b e an –indexed family of sets of v ariables. Define the + 1–order

equational sp ecification ( ) by

( ) = ( (Σ) ( ))

where ( ) ( (Σ) ) is an + 1–order equational theory consisting of the first–order

equations of and the following equations.

Let , , and for each typ e , . F or each

pro duct typ e ( ) we have the equations

( ) = ( ) = (1 )

F or each and each constant symb ol Σ we have the equation

( ) = ( ) (2)

F or each = (1) . . . ( ) , , each function symb ol Σ and v ariables

. . . we have the equation

( ( . . . )) = ( ( . . . )) (3 )

and for each such that and = ,

( ( )) = ( ) (3 )

W e have the equations

( ) = (4)

□

×

×

×

×

×

×

⊥ ω

ω

ω

ω

ω ω

ω

ω

1 ( )

2 ( )

1

2

( )

( )

( )

( )

× ∈

⟨ ⟩

⟨ ⟩

∈ B

∈

⟨ ⟩ ⟨ ⟩

∈

| ⟨ ⟩

∘

× ∈

⟨ ⟩

⟨ ⟩

⟨ ⟨ ⟨ ⟩ ⟩ ⟩

∈ ̸× ∈

∈

∈ undef

PR

undef

undef

PR

PR

undef

PR

nat

nat

nat nat

PR PR

undef

PR

PR ω , σ τ σ τ σ σ

ω , σ τ σ τ τ τ

ω , τ τ

ω , τ τ

σ σ τ τ ω σ τ σ τ

τ τ τ τ

ω

τ τ τ τ

τ τ

τ τ τ τ ω ω

τ τ

τ τ τ τ τ

τ σ σ σ σ

ω ω

ω ω x .

σ τ S

x , y x , a

x , y y . b

τ S

x , c

x . d

σ, τ S σ, τ < ω

x , y x , y .

τ S τ < ω τ

, x x, y , x y . a, b

Y Z x Y x , Z x ,

Y Z x Y Z x .

τ S

Y , Z , x Y x , a

Y , Z succ t , x

Z t , x , Y , Z t, x .

τ S τ < ω τ σ σ S

Y , Z x . c

Y , Z x Y x , Z x .

τ S τ < ω

Y , Z x Y x , a

σ S σ < ω σ τ

Y , Z x Z x . b

ω A

E und fn inj err or

pr oj inj inj

pr oj inj inj

pr oj inj inj err or

pr oj inj inj err or

inj inj inj

undef

und inj err or und inj inj

nat

pr inj inj

pr inj

inj inj pr inj

nat

pr inj inj err or

switch und

c ase inj inj

c ase inj inj

PR Sp e c PR

PR PR

( ) = ( ) (5)

F or each pro duct typ e ( ) we have the equations

( ( )) = ( ) (6 )

( ( )) = ( ) (6 )

F or each basic typ e ( ) we have the equations

( ( )) = ( ) (6 )

( ( )) = ( ) (6 )

F or typ es such that we have the equation

( ) ( ) = ( ) (7)

F or each typ e such that and = we have the equations

?( ( ) ) = ?( ( ) ) = ( ) (8 )

W e have the equations

( )( ) = ( ) ( ) (9)

( )( ) = ( ( )) (10)

F or each pro duct typ e ( ) we have the equations

( )( ( 0 )) = ( ( )) (11 )

( )( ( ( ) )) =

( ( ) ( ) ( )( ( )) )

(11b)

F or each typ e such that and = ( ), for any we have the

equation

( )( ( )) = ( ) (11 )

W e have the equation

( )( ) = ?( ( ) ( )) (12)

F or each typ e such that we have the equations

( )( ( )) = ( ( )) (13 )

and for each typ e such that and = ,

( )( ( )) = ( ( )) (13 )

W e need to show that ( ) is a correct + 1–order equational sp ecification of ( )

under higher–order initial algebra semantics. F ollowing the approach of Meinke [1994] we do this

using a normalisation result for (Σ) terms. W e b egin by showing that ( ) is a consistent

equational theory .

□

□

×

×

×

→

→ ω

ω

ω

ω

ω

ω

ω ω

ω

ω

PR

undef

PR

PR

PR

PR

PR

PR

PR

PR

PR

Σ

( )

( )

( )

( )

+

1 (1) ( )

1 1 ( )

( )

( )

( )

.

F or any typ e such that and any term

,

|

|

∼

| |

→ ≡

∘ →

→ ≡

≡

→ ∈

̸→ →

⊥

∈ ∈

× ∈ ∈

⟨ ⟩

∈ ∈

∈ ̸→

∈

⊢

≡ ≡ ∈ ∈

⊢

∈ ∈

̸→ ∈ ∈ ∈

⊢

⟨ ⟩ ∈ × ∈ ∈

∈

PR PR

PR PR

PR PR

Sp e c

nat

nat

PR

PR PR

err or

PR

PR

PR

inj

PR

PR

err or

PR

PR

PR PR PR

PR

PR und

PR eval PR ω ω

ω ω

ω ω

E

E

E E

E

ω

τ ω

τ ω

τ

ω

τ

τ τ

ω

σ τ

σ τ σ τ

ω

σ

ω σ

σ

ω

τ

ω

τ A

λ,τ

ω

ω

τ A

ω

w ,τ ω

τ n ω

τ n

ω

n τ n A

ω

σ τ , σ τ

ω

ω ω ,ω ω ω ω

ω ω ω ,ω

6.6 Prop osition.

Pro of.

6.7 Definition.

6.8 Normalisation Lemm a.

Pro of.

Basis.

Induction step.

A E

A E A A A E

A E

A

ψ A T / ψ

θ ψ , θ A T ψ

T T /

θ

ω A

θ A T τ S

τ ω ω α θ A T

α θ ,

τ S a A

α θ a θ a ,

σ τ S a, b A

α θ a, b α θ a , α θ b ,

σ S σ < ω a A

α θ σ, a α θ a .

τ S τ ω ω

t T

E t α θ t .

t t c τ S c

A α θ θ

E t α θ t .

w τ τ n S τ S

τ ω ω f t T , , t T

E f t , , t α θ f t , , t .

. σ τ S

( ) = ( )

Clearly ( ) = since = ( ) and = . Thus we need only show

that ( ) is a mo del of the remaining equations of ( ). This is straightforward and is

left as an exercise to the reader.

Since is a correct equational sp ecification of under first–order initial algebra seman-

tics we know there must exist an isomorphism : (Σ) . W e can decomp ose such

that = where : (Σ) may b e assumed to b e a homomorphism (since is a

homomorphism) and : (Σ) (Σ) is the natural mapping asso ciated with the term

congruence . W e use the homomorphism to define a term representation for the first–order

and –order elements of ( ).

Let : (Σ) b e the homomorphism given ab ove. F or each typ e

such that = ( ) define the mapping ( ) : ( ) ( (Σ)) by

( ) ( ) =

for any typ e and ( )

( ) ( ) = ( )

for any pro duct typ e ( ) and any ( ) ( )

( ) ( ) = ( ) ( ) ( ) ( )

and for any typ e such that and ( )

( ) ( ) = ( ( ) ( ))

W e now prove the following normalisation result.

= ( )

( (Σ))

( ) = ( ) ( )

By induction on the complexity of terms.

Supp ose or , for some and constant symb ol Σ . Then

by definition of ( ), ( ) and since is a homomorphism we have using reflexivity

( ) = ( ) ( )

W e need to show that for each = (1) . . . ( ) , such that

= ( ), (Σ) and any terms ( (Σ)) . . . ( (Σ)) that

( ) ( . . . ) = ( ) ( ( . . . ) )

W e prove this only for (Σ) , for each pro duct typ e ( ) , ?

(Σ) and (Σ) . W e leave the pro ofs for the remaining four cases

□

×

×

→

→ ω

ω ω

ω

ω ω ω

ω

ω

ω

ω

ω

ω

ω

ω ω

ω

ω ω

≡ ⟨ ⟩ × ∈ ∈ ∈

⊢ ⟨ ⟩ ⟨ ⟩

⟨ ⟩

⟨ ⟩ ⟨ ⟩

⊢ ⟨ ⟩ ⟨ ⟩

≡ ∈

⊥

⊢

⊢

⊢

∈

≡ ∈ ∈

⊢

⊢

∼

PR

PR PR

PR

PR PR PR

PR

PR

undef

PR

PR

undef

PR

PR

PR

PR

PR

PR

PR

PR

Ext ω

σ ω

τ

ω

σ

A τ

A

A

σ τ

A σ

A τ

A

ω

σ τ

A

ω

ω

A

ω

ω

A

A

ω

ω

A

ω A

ω

ω A

A

ω ω ω

ω ω

ω

ω

ω

ω

A

ω

ω

A ω A

ω ω

ω ω

Case (1)

Case (2)

Sub case (1)

Sub case (2)

Case (3)

6.9 Correctness Theorem.

1 2 1 2

1 2 1

( )

2

( )

( )

( )

1 2

( )

1

( )

2

( )

1 2

( )

1 2

( )

1 2 1 2

1

( )

1 2 2

( )

( )

2

( )

1 2

( )

1 2 1 2

( )

1

( )

( ) 1 2 1

( )

2

1 2 1 2

( )

1

1 2

( )

1 2

( )

PR PR

PR

PR

und PR

undef

PR und und inj err or

und

PR und inj err or

und

PR und und

undef

eval PR

PR

PR

PR

PR Sp e c PR

PR Sp e c PR t t , t σ τ S t T t T

E t , t α θ t , α θ t .

α θ .

α θ t , t α θ t , α θ t .

E t , t α θ t , t .

t t , t t , t T

t ,

α θ

E t , t , α θ t .

E , α θ t

α θ t , t .

E t , t α θ t , t .

t τ , a τ S τ < ω τ

t t , t t T t

T

E t t t α θ t .

t

E t α θ t α θ t t ,

ω A

I A

(which follow along similar lines) as an exercise for the reader.

Supp ose , for ( ) and ( (Σ)) , ( (Σ)) .

Then by the induction hyp othesis we have

( ) = ( ) ( ) ( ) ( ) (1)

Also by the definition of ( ) and

( ) ( ) = ( ) ( ) ( ) ( ) (2)

So using (1) and (2) ab ove we have

( ) = ( ) ( )

Supp ose ? ( ), for some terms ( (Σ)) . Then we have two

p ossible cases to consider.

Supp ose = ( ). Then by the induction hyp othesis and definition of

( ) we have

( ) ?( ) = ? ( ( ) ( ) ( )) (3)

By equation 6.5.(8a) and definition of ? we have

( ) ? ( ( ) ( ) ( )) =

( ) ( ?( ) )

(4)

Thus using transitivity

, (3) and (4) ab ove

( ) ? ( ) = ( ) ( ?( ) )

Supp ose = ( ), for some typ e such that and = .

Then the pro of is similar to sub case (1) ab ove except equation 6.5.(8b) is used instead of 6.5.(8a).

Finally

, supp ose ( ), for terms ( (Σ)) and

( (Σ)) . By the induction hyp othesis

( ) ( ) = ( ( ) ( )) (5)

By induction on the complexity of we can prove (see Steggles [1995]) that

( ) ( ( ) ( )) = ( ) ( ( ) )

from which using transitivity and (5) ab ove the result follows.

W e may now prove that ( ) is a correct + 1–order equational sp ecification of ( )

under higher–order initial algebra semantics.

( ( )) = ( ).

□

Pro of.

7 Conclusions

→

∈ ∈

→ ≡

≡

∈

∈ ̸→ ∈

⊢

≡

→ ∈ ∈

∈

⊢

⊢

≡

P R ω ω ω

ω ω

ω

ω

ω

ω

ω

ω

ω

ω

ω

ω ω ω

ω

ω

ω

ω

ω

′

′

′ ′

′

→

′ ′′ ′′ ′ ′′

′′ ′ ′′

′′ ′

→ →

′

( )

( )

( ) ( )

( )

( )

( )

( )

( )

( )

( )

( )

( )

( ) ( )

( )

( ) ( ) ( )

( )

( )

( )

Ext

Ext Ext

Ext

PR PR

PR

PR PR

PR

PR

PR

PR

PR

PR

PR

PR

PR

PR

PR PR

PR

PR

PR

PR

PR ω ω ω ω

ω ω

ω ω

ω

τ τ A

E ,ω

E ,ω ω ω E ,ω

E ,ω

ω

τ

ω

τ

A

A ω

E ,ω

τ A τ

A

ω

ω ω

A

A ω

ω A A

ω

ω

ω

E ,ω

ω ω A ω ω

A

A

E ,ω

ω

A I E

I

ϕ A I .

τ S t T ϕ t t

T T /

ϕ

a A

τ S τ ω ω t, t T

t t E

t t , ϕ ϕ t ϕ t

ω ω S t, t T

t t t T t t t t

E t t t t .

t E t t ω

ϕ ϕ t ϕ t

ϕ .

ω

PR PR Sp e c PR PR

PR Sp e c Min PR Sp e c

PR PR Sp e c

PR nat

nat PR PR

PR

PR

PR

PR

PR

PR

PR

nat

higher–or der algebr a with tr ansfinite typ es

limit typ es

undef

undef

err or algebr a

or der–sorte d algebr a

unifie d algebr as e quational typ e lo gic

Since ( ) and ( ( )) are minimal, extensional (Σ), ( ) algebras,

and ( ( )) is initial in ( ( )) it suffices to construct a homomorphism

: ( ) ( ( ))

F or each typ e and each term ( (Σ)) , define ( ) = ( ),

where : ( (Σ)) ( (Σ)) is the natural mapping asso ciated

with the term congruence . W e need to show that is well–defined on each element

( ) .

Consider any typ e such that = ( ) and any terms ( (Σ)) .

Supp ose that = . Then using the Normalisation Lemma 6.8 we can show ( )

= and so by the definition of and we have ( ) = ( ).

Consider the function typ e ( ) and any ( (Σ)) . Supp ose that

= . Then for any term ( (Σ)) we know that ( ) = ( )

and so by the Normalisation Lemma 6.8,

( ) ( ) = ( )

Since was arbitrarily chosen we have that ( ) = by the –ev aluation rule and so by

the definition of and it follows that ( ) = ( ).

Clearly is homomorphism since the v aluation mapping ( ) and the natural mapping

are homomorphisms.

W e have presented a theory of which extends the

simple binary pro duct and function typ e system of higher–order algebra with . The

aim of this extension was to provide a higher–order algebraic framework in which the problematic

phenomena of p olymorphism and partiality could b e naturally mo delled. W e demonstrated the

use of transfinite typ es for mo delling partial functions and b oth parametric and overloading

p olymorphism by considering the sp ecification of a simple p olymorphic functional programming

language . In this sp ecification case study we used the first limit typ e to replace an

infinite scheme of functions by a single p olymorphic function. The problem of coping with partial

functions was addressed by having a basic typ e for undefined v alues and defining partial

functions to b e p olymorphic functions which return an element of typ e when they are

undefined. This approach allows the undefined v alues to b e partitioned from the “normal” data

v alues and provides a very natural axiomatisation of partial functions (compare this approach to

the so called approach, see for example Goguen [1978] and Goguen et al [1978]).

T ransfinite typ es can b e used to mo del Π–typ es (see Steggles [1995]) and in fact this pro-

vided one of the original motiv ations for considering a theory of transfinite typ es. W e note that

transfinite typ es provide a decidable typing discipl i ne whereas Π–typ es are undecidabl e, since

the equality of two typing (recursive) functions is undecidabl e. Thus there are strong practical

reasons for considering the theory of transfinite typ es.

A range of algebraic metho ds exist in the literature for coping with p olymorphism, partiality

and error handling. F or example (see Poigń e [1991], Goguen and Meseguer

[1992], Goguen and Diaconescu [1994] and for higher–order order–sorted algebra see Qian [1993]),

(see Mosses [1989, 1994]) and (see Manca et al [1989, 1990]).

However, our approach of using transfinite typ es is new. F or a survey of the different approaches λ

8 References

A T r ansfinite T yp e The ory with T yp e V ariables.

Pr o c e e dings of the Cambridge Philosoph-

ic al So ciety

Universal Algebr a

F undamentals of Contemp or ary Set The ory.

F ormal Descrip-

tions of Pr o gr amming Conc epts

Curr ent T r ends in

Pr o gr amming Metho dolo gy IV

The or etic al Computer Scienc e

Mathematic al

Structur es in Computer Scienc e

An Outline of Set The ory.

Journal of Symb olic L o gic

Pr o c e e dings of 1989 Symp osium on Mathematic al F oundations

of Computer Scienc e

The or etic al Computer Scienc e

The or etic al Computer Scienc e

A cta

Informatic a to algebraically mo delling p olymorphism and partiality we recommend Mosses [1993] and Poigń e

[1994]. F or work on classical transfinite typ e theory we refer the interested reader to L’Abb́ e

[1953], Andrews [1965] and Pottinger [1993].

The theory of higher–order algebra with transfinite typ es we have presented is still in its

infancy and needs to b e further develop ed and investigated. One area in particular that needs

to b e addressed is the provision of case studies demonstrating the use of the ab ove algebraic

techniques in practice. W e note that a selection of sp ecification case studies demonstrating some

of the p ossible applications of transfinite typ es can b e found in Steggles [1995]. F urther work is

also needed to investigate the p ossible uses of the higher limit typ es.

W e are very grateful for the helpful advice and comments of K. Meinke and J. R. Hindley

during the preparation of this pap er. W e also acknowledge the financial supp ort of the Engineering

and Physical Sciences Research Council and the HCM MeDiCiS pro ject.

P . B. Andrews. Studies in Logic and the foun-

dations of Mathematics, North Holland, 1965.

G. Birkhoff. On the Structure of Abstract Algebras. In:

, V ol. 31, 1935.

P .M. Cohn. . Harp er and Row, New Y ork, 1965.

K.J. Devlin. Springer–V erlag, 1979.

J.A. Goguen. Abstract Errors for Abstract Data Typ es. In:E.J. Neuhold (ed),

, p. 491–522, North-Holland, 1978.

J.A. Goguen, J. Thatcher and E. G. W agner. An initial algebra approach to the sp ecification,

correctness and implementations of abstract data typ es. In: R. T. Y eh (ed),

, pages 80–149, Prentice–Hall, 1978.

J.A. Goguen and J. Meseguer. Order–sorted algebra I: Equational Deduction for Multiple Inher-

itance, Overloading, Exceptions and Partial Op erations. , 105:217–

273, 1992.

J.A. Goguen and R. Diaconescu. An Oxford survey of order-sorted algebra. In:

, V ol. 4, pages 363-392, Cambridge University Press, 1994.

J.M. Henle. Springer–V erlag, 1986.

P . Kosiuczenko and K. Meinke. On the Power of Higher–Order Algebraic Sp ecification Metho ds.

Rep ort CSR 13–94, Department of Computer Science, University College of Swansea, 1994.

M. L’Abb́ e. Systems of T ransfinite Typ es Involving –Conversion. .

18:209–224, 1953.

V. Manca, A. Salibra and G. Scollo. On the nature of TELLUS: a Typ ed Equational Logic

Lo ok over Uniform Sp ecifications.

, Lecture Notes in Computer Science 379, pages 338–349, Springer–V erlag,

1989.

V. Manca, A. Salibra and G. Scollo. Equational Typ e Logic. ,

77:131–159, 1990.

K. Meinke. Universal algebra in higher typ es. , 100:385–417, 1992.

K. Meinke. A recursive second order initial algebra sp ecification of primitive recursion.

, 31:329–340, 1994.

K. Meinke. A completeness theorem for the expressive p ower of higher–order algebraic sp ecifi-

cations. T echnical Rep ort CSR–13–95, Department of Computer Science, University of W ales,

Swansea, 1995.

Pr o c. of HOA

’93: An International Workshop on Higher Or der Algebr a, L o gic and T erm R ewriting

Handb o ok of L o gic in Computer Scienc e

Pr o gr am sp e cific ation and tr ansformation

R e c ent T r ends in Data T yp e Sp e cific ation

Pr o c. of

ST ACS 89 : Annual Symp osium on The or etic al Asp e cts of Computer Scienc e

Pr o c e e dings of 8th Workshop on Ab-

str act Data T yp es and 3r d COMP

ASS Workshop

R e-

c ent T r ends in Data T yp e Sp e cific ation

Mathematic al F oundations of Computer

Scienc e 1991

R e c ent T r ends in Data T yp e Sp e cific ation

Higher Or der L o gic The or em Pr oving and its Applic ations

A cta Informatic a

Extensions of Higher–Or der Algebr a: F undamental The ory and Case Studies.

Mathematic al the ory of synchr onous c oncurr ent algorithms.

Universal Algebr a for Computer Scientists

K. Meinke and L.J. Steggles. Sp ecific ation and V erification in Higher Order Algebra: A Case

Study of Convolution. In: J. Heering, K. Meinke, B. M¨ oller and T. Nipkow (eds),

, Lecture

Notes in Computer Science 816, pages 189–222, Springer–V erlag, 1994.

K. Meinke and J.V. T ucker. Universal algebra. In: S. Abramsky

, D. Gabbay and T.S.E. Maibaum,

(eds) , V olume I, pages 189–412. Oxford University Press,

Oxford, 1993.

B. M¨ oller. Algebraic sp ecifications with higher–order op erators. In: L.G.L.T. Meertens (ed),

, North–Holland, 1987.

B. M¨ oller, A. T arlecki and M. Wirsing. Algebraic sp ecifications of reachable higher–order alge-

bras. In: D. Sannella and A. T arlecki (eds), , Lecture

Notes in Computer Science 332, pages 154–169, Springer-V erlag, 1988.

P .D. Mosses. Unified Algebras and Action Semantics. In: B. Monien and R. Cori (eds),

, Lecture Notes in

Computer Science 349. Springer-V erlag, 1989.

P .D. Mosses. The use of sorts in algebraic sp ecifications. In:

, Lecture Notes in Computer Science 655, pages

66–91, Springer–V erlag, 1993.

P .D. Mosses. Unified Algebras and Abstract Syntax. In: H. Ehrig and R. Orejas (eds),

, Lecture Notes in Computer Science 785, pages 280–294,

Springer–V erlag, 1994.

A. Poigń e. Once more on Order–Sorted Algebra. In:

, Lecture Notes in Computer Science 520, Springer–V erlag, 1991.

A. Poigń e. Identity and Existence, and Typ es in Algebra. In: H. Ehrig and R. Orejas (eds),

, Lecture Notes in Computer Science 785, pages 53–78,

Springer–V erlag, 1994.

G. Pottinger. A Classical Typ e Theory with T ransfinite Typ es. In: L. J. M. Claesen and M.

J. C. Gordon (eds), , Elsevier Science

Publishers (North–Holland), 1993.

Z. Qian. Higher–Order Order–Sorted Algebra. , 30:569–607, 1993.

L.J. Steggles. Ph.

D. Thesis, Computer Science Department, University of W ales, Swansea, submitted 1995.

B.C. Thompson. Ph. D. Thesis,

Scho ol of Computer Studies, University of Leeds, 1987.

W. W echler. . EA

TCS Monographs on Theoretical

Computer Science 25, Springer-V erlag, 1992.