⊆ ⊆ ×

⊆

⊆ ×

⋆ ⋆⋆

⋆

⋆⋆ or der

1 2 1

2 1 2

Abstract. X , R , R R

R X X R R

1 2

1 2 1

1 2

1

2

2

1 2

1 In tro duction

X , R , R

X R R X X R

R R

R

R

R

X , R , R

Order Structures and Generalisations of

Szpilra jn’s Theorem

Relational structures of the form ( ), with

, b eing a p oset interpreted as causality

, b eing in-

terpreted as ‘not later than’ or ‘weak causali ty’ relation, are considered.

Szpilra jn’s theorem that each p oset is the intersection of its total exten-

sions is generalised to such structures; the interpretatio n and applicati ons

of the results obtained are discussed.

Department of Computer Science and Systems, McMaster University

, Hamilton, On-

tario, Canada L8S 4K1. Supp orted by NSERC grant, No. OGP 0036539.

Department of Computing Science, University of Newcastle, Newcastle up on Tyne

NE1 7RU, U.K. Supp orted by Esprit Basic Research W orking Group 6067 CALIBAN

Ryszard Janicki and Maciej Koutny

A familiar theorem that each partial order is the intersection of the set of its

total extensions, due to Szpilra jn (Marczewski since 1940) [20], has found v ar-

ious applications in concurrency theory [3, 18, 19]. Its usual interpretation is

that causality relation, understo o d as a sp ecification of concurrent b ehaviour,

is completely defined by the set of its sequential observ ations. But concurrent

b ehaviours can b e very complex. F or instance, if priorities are combined with

non-instantaneous events, (causal) partial orders alone may b e insufficient to

provide a full and adequate sp ecification [4, 9, 11, 13].

In several pap ers [1, 2, 8, 13, 16] relational structures of the form ( ),

where is a set of events, and is a p oset, were prop osed

and analysed in order to sp ecify more adequately complex concurrent b ehaviours.

was usually interpreted as ‘precedence’ or ‘causality’ while was called

‘weak precedenc e’ or ‘not later than’ relation. Whereas was always defined

as a p oset, the assumed prop erties of did v ary . They were basically the same

in [8] and [14], but different in [16] and in [1, 2] (the axioms for in [1, 2] were

refined version of those formulated in [16]).

In this pap er we deal with a more general definition of ( ), with the

structures of [1, 2, 8, 13, 16] b eing treated as sp ecial cases. W e show that these

new relational structures can b e treated as extensions of general partial orders,

while the structures of [1, 2] as extensions of interv al orders, and the structures

of [8, 14] as extensions of stratified orders. W e also show how Szpilra jn’s theorem

can b e generalised in each case.

The pap er is organised as follows. After recalling some basic results concern-

ing p osets and briefly discussing weak causality

, in Section 4 we define an

∈

⋂ po

X

q Q q

q q

2 P osets and W eak Causalit y

≺

≺ ∼

⪯ ≺ ∼

≺ ≺ ∼

∼ ∪

≺ ∧ ≺ ⇒ ≺ ∨ ≺

≺ ≺ ≺

≺ ≺ ⊆ ≺

Theorem 1 (Szpilra jn’s Theorem).

po X , X

X a b a b

X a b a b a b

id

a b c d a d c b.

X ,

Q X ,

a b

ab ba

X structur e

p artial ly or der e d set

total

str atifie d we ak interval

F or every p oset , ,

wher e is the set of al l total or ders such that .

c ausality

simultaneity

c ausality indep endenc e

, our central notion, as a direct generalisation of the concept of a partial

order. Section 5 is devoted to three sp ecial cases, namely interv al, stratified and

total order structures. The generalisations of Szpilra jn’s theorem are formulated

and partially proven in Section 6. In Section 7 we provide representation theo-

rems for interv al and stratified order structure s as well as the rest of the pro of

of the main theorem from Section 6.

A (p oset) is a pair = ( ) such that is a set and

is an irreflexive transitive relation on . W e will write if and

are distinct incomparable elements of , and if or . W e

shall also write to denote , if necessary

. The p oset is: if is empty;

[7] (or [6]) if is an equiv alence relation; and [6]

if

( ) =

( )

In the concurrency theory p osets are used to mo del b oth sp ecifications and

observ ations of b ehaviours. Sp ecifications usually involve a kind of re-

lation [3] which is mo delled by general p osets, whereas observ ations have b een

mo delled by v arious typ es of p osets, e.g., total, stratified, interv al, as well as gen-

eral ones. The most restricted case involves sequential observers who can only

observe sequential universum; their observ ations are mo delled by total orders

of event o ccurrenc es. This mo del is sufficient if events are regarded as instanta-

neous. Note that in such a case two concurrent events, and , can b e observed

either as a sequence or as . If events cannot b e regarded as instantaneous,

recording simultaneous observ ations of events is necessary

. When simultaneity

is assumed to b e transitive, observ ations are mo delled by stratified orders (step-

sequence s in the finite case). A more general mo del of observ ations is based on

the concept of interv al order. T otal and stratified orders have b een used to mo del

observ ations for years. Recently

, many authors advo cate and show adv antages

of using interv al orders [10, 12, 17, 21]. [12, 15] provide a detailed motiv ation

and rigorous mathematical treatment for this approach from the viewp oint of

concurrenc y theory

. The general theory of interv al orders can b e found in the

monograph [6], while the concept itself can b e traced back to Wiener’s 1914

pap er [22]. [18] allows observers to work as teams, which gives them the p ower

to observe general p osets.

As we already mentioned, in the classical approach, partial orders are used to

mo del b oth sp ecifications and observ ations of b ehaviours. On the level of obser-

v ations (or b ehaviour instances) p osets are used to define op erational semantics

and are interpreted as ‘earlier than’ relation with a lack of ordering interpreted

as . On the level of b ehaviour sp ecifications, p osets are usually in-

terprete d as ; a lack of ordering is here interpreted as . The

relationship b etween these two levels can b e describ ed as follows. Let b e a

1 2

′ ′ ′

′ o

o

o o

o o

o

o

po

po po

i i i

⊐

⊐

⊐

⊐

⊐

⊐

⊐

⊐

⊐

⊐

⊐

⊐ ⊐ ⊐

⊐

⊐

⊐

⊐ ⊐

⊐ ⊐ ⊐

⊐

⊐

⊐

⊐

⊐ ⊐ ⊐

3 Directed Extensions of P osets and Order Structures

≺⊆ ×

≺ ⇒ ≺

≺

⪯ ≺

∪ ∼ ∼

⇒ ⪯

≺ ≺

≺ ≺

≺ ⪯

≺ ⪯

⪯

≺

≺ ≺

≺ ∨ ≺ ⇒

≺ ⪯ ≺

≺

≺

≺ ≺

̸≺ ⇒

≺ ≺ ⇒ ≺ ≺ ∨ ≺ ⇒

≺ ̸⊀

≺ ≺ ≺ ≺ ⪯

S

≺ ≺

≺ ⊆ ≺ ⊆ ⪯ ∈

≺ ≺ ⊆ ≺

⊆ ≺ S ≺ ≺ ⪯

∈ we ak c ausality

dir e cte d extension

or der structur e

p oset extension

extension

interse ction

X X

o

a b a b

o

o

a b a b

o

X , ,

o

po X , X

a b c a b c a c.

a b b a

S X , ,

X ,

a a a b a b

a b c a c a b c a b c a c.

a b b a a a

X , X , , X , ,

po

S X , , po X ,

po S po

posets S X , , S

X , , X , X , ,

RS X , R , R

i I set of event o ccurrence s and let b e a (partially ordered) causality

relation sp ecifying a given b ehaviour. Then for every observ ation (b ehaviour

instance) we have:

where is the ‘earlier than’ relation which describ es the observ ation . Consider

the ‘not later than’ relation on the level of observ ation. F or a given sp ecification

(b ehaviour instance) , the ‘not later than’ relation is clearly mo delled by =

(since is interpreted as simultaneity). W e would like to

b e an abstraction of the ‘not later than’ relation in the same sense as causality

is an abstraction of the ‘earlier than’ relation. This means that weak causality ,

denoted by , should satisfy the following:

for every observ ation (b ehaviour instance ). In general, neither can b e derived

from , nor from , so we have to consider b oth of them, i.e. we are lo oking for

axioms defining a relational system ( ) where is interpreted as causality

and as weak causality . W e want b oth and to b e considered as sp ecial

cases of , i.e. we want b oth and to satisfy weak causality axioms. But the

most imp ortant assumption we made is that should b e an abstraction of the

‘not later than’ relations , for all observ ations of the sp ecified b ehaviour.

F rom the last assumption it follows that there will b e v arious typ es of axioms

for , dep ending on what kind of observ ations it abstracts.

Let = ( ) b e a p oset. An irreflexive relation on will b e called a

of if is included in and

Note that is the smallest, while is the greatest directed extension of .

Moreover, implies . W e are now ready to intro duce the central

definition of this pap er. By an we mean a triple = ( )

such that ( ) is a p oset and is a directed extension of . That is, if the

following are satisfied:

OS1 OS3

OS2 OS4

W e observe that implies (by OS1 and OS4). Note that follows

from OS1 and OS3, and for every p oset ( ), ( ) and ( ) are

order structures . The latter will subsequently b e denoted by ( ).

Let = ( ) b e an order structure and = ( ) b e a p oset

such that and . Then is called a of ,

( ). A relational structure ( ) is an of if and

. Note that for every order structure ( ), ( ) = ( ) is

its extension. The of relational structure s = ( ), for

, is defined comp onent-wise.

⋂

⋂ ⋂ ⋂

Lemma 2.

–

–

–

∈

∈

′ ′

∈ ∈

′ ′ ′

′ ′

′

⊐

⊐

⊐

⊐

⊐ ⊐ ⊐

⊐ ⊐

⊐

⊐

⊐ ⊐ ⊐ ⊐

⊐

⊐ ⊐ ⊐ ⊐

⊐ ⊐ ⊐ ⊐

⊐ ⊐ ⊐

⊐ po Q

po

po

po po

po po

po Q po Q po

po Q po

po po

po

q

po q

4 In terv al, Stratified and T otal Order Structures

≺

S

∈

⊀ ⇒ ∃ ∈ ⪯

̸⇒ ∃ ∈ ≺

⇒

∀ ∈ ⪯̸ ⇒ ∀ ∈ ≺ ⇒ ≺

∀ ∈ ⊀ ⇒ ∀ ∈ ⪯ ⇒

S ≺ ≺ ⪯

∈ ≺ ⊆ ≺ ⊆ ⪯ ≺ ⊆ ≺ ⊆ ≺

⊀ ∈ ⪯

≺ ⇒ ≺ ∈ ̸∈

≺ ⇒ ⪯ ∈ ⊓ ⊔

≺

̸≺ ∨ ≺ ⇒

≺ ≺ ⇒ ≺ ≺ ≺ ⇒ ≺

≺ ⇒ ≺ ⇒ ∨

̸⇒ ∨

≺ ⇒ ≺ ∨ ≺ ⇒ ≺

≺

S X , , Q

S S po

a, b X

a b po Q b a.

a b po Q b a.

a b

po Q b a po Q a b a b.

a b

po Q b a po Q a b a b.

po X , , X , , .

po Q a b

a b po Q b a

a b a b q Q a b a b po Q

b a a b a b q Q

S X , ,

a a a b c a b c a c

a b c a c a b c d a d

a b a b a b c d a d a d

a a a b c a c a c

a b a b a b c a b c a c

L et b e an or der structur e, and b e a non-empty set

of p oset extensions of . Then if and only if the fol lowing ar e

satisfie d for al l distinct :

1.

2.

Pr o of.

interval or der structur e

str atifie d or der structur e

total or der structur e

= ( )

= ( )

( )

( )

T o prove the ( ) implication we first observe that if = then

(( ) ) (( ) )

Thus (1) holds. Similarly

, (2) holds since if = then:

(( ) ) (( ) )

T o show the reverse implication, let

( ) = ( ) = ( )

F or every , and . Hence and . If

and then, by (1), there is such that , a contradiction, since

, for all . If and , then, by (2), there is

such that , a contradiction, since , for all .

A relational structure = ( ) is called

if

IS1 IS4

IS2 IS5

IS3 IS6 =

if

SS1 SS3 =

SS2 SS4

if OS1-OS4 hold and = .

Note that SS2 and SS4 imply OS2 and OS4. Clearly

, every total order structure

is stratified, and every stratified order structure is interv al.

The axioms IS1-5 follow from [16] where Lamp ort intro duced a mo del for

sp ecification of system b ehaviour using Einstein’s concept of time-space relation-

ship. The idea was that the relativistic view is relev ant whenever signal prop-

agation is not negligibly small compared with the execution time of individual

op erations. A concurrent system itself was defined as a set of op eration execu-

tions, each op eration execution comprising a set of space-time events. Op eration

∈

⋂

X

X

Q

po Q

Q

Q

Q

Q

i

Prop osition 3.

Prop osition 4.

→ →

→ →

→ → −

≺

S

S

S

⇒ S

⪯ ⪯ ∼ ∪ ≺

≺ ∼ ∼ ≺ ≺ ∼ ̸⪯̸ ≺

≺ ∼ ≺ ⪯

≺ ⪯ ̸≺ ≺ ∼

⪯ ∼ ∼ ∼ ∼

≺ ⪯ ≺

⇐ ∼ ∼ ⪯ ⪯ ⪯ ∨

⪯ ⪯ ⪯ ∨ ∼ ∨

⇒ S ≺ ⪯ ≺

≺ ∨ ≺ ≺ ⇒ ⪯̸

≺ ⪯ ≺ ⪯ ̸⪯̸ ≺

≺ ⪯ ≺ ≺

⇐ ≺ ≺ ⊀ ∧ ⊀

≺ ∼ ∼ ∼ ⇒ ⪯ ≺ ⪯ ≺

≺ ⊓ ⊔

S

∈

LS X , , X

, id

po X ,

po po

po po

po po

po

a b c id

a b c a b c a b c a c a c c a

c b a b c a c

a c a b c a c b c a c b c

a c a c a c b a b

a b a c a b c

a b c a b c a c a c

c b a c a c a a c c a

po a b c d

po a d c b c b b c

a d a b c d a d a d d a

d a b c d c

a b c d a d c b

a d b c b c b c a b c d

a d

Q

S po

S

Q S

Q S

Q S

R i I Ax

L et b e a p oset. Then:

1. is total if and only if is total.

2. is str atifie d if and only if is str atifie d.

3. is interval if and only if is interval.

Pr o of.

L et b e a non-empty set of p osets with a c ommon domain, and

let . Then:

1. is an or der structur e.

2. If every element of is an interval or der, then is interval.

3. If every element of is a str atifie d or der, then is str atifie d.

4. If every element of is a total or der, then is total.

Pr o of.

executions were ordered using two relations, and , which were based on

the ordering of events in Minkowski space. System executions were represente d

as structures = ( ), where was a set of op eration executions, and

were relations satisfying IS1-5. Structure defined in [16] are often

referred to as ‘Lamp ort structures ’ [1, 2]. The axioms corresp onding to IS1-6

were prop osed (in Lamp ort’s framework) in [2].

Stratified order structures had b een intro duced and used to mo del concurrent

b ehaviours in [8] (under the name of ‘prossets’ – preorder sp ecification sets) and

in [14] (under the name of ‘comp osets’– combined p osets). The latter provides a

detailed analysis of the finite case. Order structure s have b een intro duced as a

natural generalisation of p osets. This and the results that follow can b e regarded

as an informal justification of the terminology prop osed ab ove.

= ( )

( )

( )

( )

(1) is obvious.

(2, ) W e need to prove SS3 and SS4 for ( ).

Let . Since and are transitive, the only non-obvious cases

are: and . Supp ose , = and . Then

and, consequently

, , a contradiction. Similarly for . Hence

or = . Let . Clearly = . If then . If then by

reasoning as ab ove, we obtain . But if , then , i.e. or

= , a contradiction, so . Similarly for .

(2, ) Let . Then , which means that = ; and also

, implying = . Thus = .

(3, ) W e need to prove IS5 and IS6 for ( ) (IS4 is obvious). Let .

Since is an interv al order, we have . But , yielding

. Let and = . Supp ose that , i.e. . Then

, implying , by IS5 proven ab ove, a contradiction.

(3, ) Let and . Supp ose that . Due to the transitivity

of , this means that and . But , so

implies (by IS5) , a contradiction.

= ( )

F rom Prop osition 3 it follows that in order to show (1)-(4) it suffices to

prove that if order structures , for , satisfy an axiom used in the

⋂

⋂

⋂

⋂

⋂

⋂

∈

∈

∈

∈

∈

∈

1

1

( )

( )

( )

( )

⊐ ⊐

⊐ ⊐ ⊐ ⊐

⊐

⊐

⊐

⊐ ⊐ ⊐

⊐

⊐ ⊐

⊐

Theorem 5.

Lemma 6 [6 , 20].

i I i

k i

k

i

i I i

po posets S

po inter v als S

po str ats S

po totals S

ba

ba ba

ba ba

ba ba

5 Generalisations of Szpilra jn’s Theorem

6 Represen tation Theorems and Their Applications

∧ ∧ ⇒ ̸≺

≺

⇒ ∧ ≺ ∧ ∧ ̸⇒

⇒ ≺ ∧ ∧ ⇒

∈ ⊓ ⊔

{ ∈ | }

≺

S

S

S

S

≺ ∈ ∼

{ } ∪ { | ≺ } { } ∪ { | ≺ }

≺ ≺ ∪ ×

̸∅ ≺ ∈

≺

̸ ̸⊀ ≺

∼ ≺ ≺ ⊆ ≺

⊆ ⪯ ≺

∈ × ̸ ̸ ̸

∈

⇒ ⊀ ⇒ ⪯ ⊓ ⊔

L et b e an or der structur e.

1.

2. when is interval.

3. when is str atifie d.

4. when is total.

L et b e a p oset and , .

Define and

Then is a p oset.

Pr o of of The or em 5(1,4).

r epr esentation

R R

Ax

α α β α a b a b

a b β f al se a b a b

a a f al se a b b c c d a d a d

a b a b α α β

R i I R R

S inter v al s S

str ats S total s S

S total s S po posets S po .

S X , ,

S po .

S po S

S po S

S po S

Q posets S

inter v al s S str ats S

po X , a, b X a b

Y b y y b Z a z a z .

X , X , Y Z

posets S X , posets S

X ,

a b a b b a X ,

a b

c d c c d

d, c Y Z a b a c b d a c

Z a d d Y a b

c d d c c d definition of the v arious classes of order structure s, then so do es = .

W e first observe that each such axiom can b e rewritten as (a conjunction of )

axiom(s) of the form . . . , where each is of the form = ,

or , and is of the form , or . Indeed, SS1 can b e rewritten

as , IS6 as = , etc.

Moreover, the additional axiom for total order structure s can b e formulated as

. The prop osition now follows easily

, since if . . .

holds in each , for , then it also holds for = .

This section contains our main result. F or every order structure , let ( ),

( ) and ( ) resp ectively denote the set of all interv al, stratified and

total order extensions of . E.g., ( ) = ( ) is total

= ( )

= ( )

= ( )

= ( )

= ( )

In the pro of of Theorem 5 we will use Lemma 2 with b eing equal to ( ),

( ) and ( ). W e also need the following result.

= ( )

= =

( ) = ( )

W e note that (4) is equiv alent to Szpilra jn’s theorem.

T o show (1) we first observe that ( ) = since ( ) ( ). The

p oset ( ) also satisfies (1) of Lemma 2, so we only have to prove Lemma 2(2).

Let = and . W e may assume , otherwise ( ) has the required

prop erty

. Hence . T ake from Lemma 6. Clearly . W e will

show that . Supp ose that . This means that and

( ) . Since , we have = or = . Supp ose = . By the

definition of and OS4 we have . Hence, by and OS4, , a

contradiction. Thus, .

The idea of lies in the use of simpler ob jects to represent more

complex ones. It turns out that b oth interv al orders and stratified orders can b e

represe nted by total orders which clearly are simpler structures . In the same way

b oth interv al order structure s and stratified order structures can b e represe nted

by partial orders.

⊐

⊐

⊐

⊐

⊐

Prop osition 7.

Theorem 8 [5].

Theorem 9 [1].

≺

→ ∈ ≺ ⇔

≺

→ ∈

≺ ⇔

≺

→

∈

≺ ⇔

⇔ ∨

̸∅

≺ ≺ ⇔

∈ ∈

≺ ⇒ ⇒ ⇒ ≺

⇒ ∨

⇒ ∨

⇒ ̸⇒ ⊀ ⇒ ⪯

∈ ∼

≺

≺ ⇒

∈

⊀ ̸

∼

∼

∈

⇒ ⇒ ̸⇒ ⊀ ⇒ ⪯

̸∼

∼ ∈

⇒ ⇒ ≺ t

po po t

t po

t

t po po

◁

xy xy xy

t

xy xy

t xy xy

xy xy

t

xy

xy

◁ xy

xy

xy

t xy

t xy

t xy xy

◁ xy

xy

t xy

t xy

A p oset is str atifie d if and only if ther e is a total

or der and a mapping such that for al l :

A p oset is interval if and only if ther e is a total

or der and two mappings such that for al l ,

and

L et b e an interval or der structur e. Then ther e is

a p artial or der and two mappings such that for al l distinct

, and the fol lowing hold:

Pr o of of The or em 5(2).

po X ,

T , ◁ ϕ X T a, b X a b

ϕ a ◁ ϕ b .

po X ,

T , ◁ ϕ, ψ X T a, b X ϕ a ◁

ψ a a b ψ a ◁ ϕ b .

T , ◁

S X , ,

T , ◁ ϕ, ψ X T

a, b X ϕ a ◁ ψ a

a b ψ a ◁ ϕ b

a b ϕ a ◁ ψ b ϕ a ψ b .

inter v al s S

T , ◁ T , ◁ po

X , a b ψ a ◁ ϕ b po

po inter v al s S a, b X

a b ψ a ◁ ϕ b ψ a ◁ ϕ b a b

a b ϕ a ◁ ψ b ϕ a ψ b

ϕ a ◁ ϕ b ϕ a ψ b

ψ b ◁ ϕ a b a a b

T , ◁ x, y T x y

T , ◁ ◁ ◁ T , ◁

T , ◁ x ◁ y po X ,

c d ψ c ◁ ϕ d .

po

po inter v al s S

a b a b b a

inter v al s S a b

x ϕ b y ψ a x y po

po inter v al s S

x ◁ y ϕ b ◁ ψ a ψ a ◁ ϕ b a b b a.

a b a b x ψ b y ϕ a

x y po inter v al s S

x ◁ y ψ b ◁ ϕ a b a.

= ( )

( ) :

( ) ( )

= ( )

( ) : ( )

( ) ( ) ( )

An elegant pro of of Theorem 8 can b e found in [6]. Its weaker version had b een

known to Russell and Wiener (see [1]). Its discrete version (when ( ) is the

arithmetic order of integer numb ers) was formulated and proven in [12].

W e now will obtain representation theorems for order structures , and next

use them to prove the remaining parts of Theorem 5.

= ( )

( ) :

( ) ( )

( ) ( )

( ) ( ) ( ) = ( )

First we have to show that ( ) = . Let

( ) b e any total extension of the p oset ( ) from Theorem 9. Define =

( ) where ( ) ( ). By Theorem 8, is an interv al order.

Moreover, ( ), since for all distinct :

( ) ( ) ( ) ( )

( ) ( ) ( ) = ( )

( ) ( ) ( ) = ( )

( ) ( )

W e will now prove that the conditions (1) and (2) of Lemma 2 are satisfied.

T ake ( ) from Theorem 9. Supp ose are such that . T ake then

( ), where is constructed from as in Lemma 6. Let ( ) b e any

total extension of ( ). Clearly . Define = ( ) by:

( ) ( )

By Theorem 8, is an interv al order, and pro ceeding similarly as ab ove, one

may show that ( ).

Supp ose and = . W e may assume , otherwise every element of

( ) satisfies the required prop erty

. But this means that . Let

= ( ), = ( ). Then , so we can define as ab ove. W e have

( ). Moreover:

( ) ( ) ( ) ( )

Supp ose . Similarly as ab ove we may assume . Let = ( ), = ( ).

Hence and ( ). In this case we have:

( ) ( )

∩ Y Z

Theorem 10 [15].

Lemma 11.

1 1

2 2

1 1 1

2 2 2

0 1 0 1 1 1

1 1

1 1 1

0 0

0 0

1 1 1

0 0

0

0

1 1 1

0 0

0

0

2 2

2 2

⊐

⊐

⊐

⊐

⊐

⊐ ⊐

⊐ ⊐

⊐ ⊐

⊐ ⊐

⊐ ⊐ ⊐ ⊐

⊐

⊐ ⊐ ⊐

⊐ ⊐

⊐ ⊐ ⊐ ⊐

⊐

⊐

⊐

⊐

⊐

⊐

⊐

⊐

⊐ ⊐

⊐ ⊐ ⊐ ⊐ ⊐

⊐

⊓ ⊔

≺

→

∈

≺ ⇒

⇔ ∨

≺ ⇒ ≺ ⇔

≺ ∈

{ } ∪ { | } { | ≺ }

{ } ∪ { | } { | ≺ }

≺ ≺ ∪ × ∪ × ∪ × −

≺ ≺ ∪ × ∪ ×

⊀ ̸≺

̸⊀ ≺

≺ ≺ − ≺ − ≺

⊀ ∩ ∩ ∅ ≺ ⊆

⇒ ∨

⇒ ∈ × ∩ ×

∨ ⇒ ∈ × × ∪ × ×

≺ ⇒ ≺

≺ ⇒ ∈ × ∩ ×

≺ ⇒ ∈ × × ∪ × ×

≺ ⇒ ∈ × ×

≺ ⇒ ≺

≺ ⇒ ∈ × ∩ ×

≺ ⇒ ∈ × ×

≺ ⇒ ∈ × × ∪ × ×

∩ ∅ ̸≺

∩ ∅

̸≺ ⊓ ⊔

L et b e a str atifie d or der structur e. Then ther e

is a p artial or der and a mapping such that for al l distinct

:

L et b e a str atifie d or der structur e, , ,

1. If and then is a str atifie d or der structur e.

2. If and then is a str atifie d or der structur e.

Pr o of.

S

Q inter v al s S

S X , ,

T , ◁ ϕ X T

a, b X

a b ϕ a ◁ ϕ b

a b ϕ a ◁ ϕ b ϕ a ϕ b .

a b a b

S X , , a, b X a b

Y b c c b W c c b

Z a c a c V c a c .

W Z Y V Y Z id

Y Z Y Z

a b b a S X , ,

a b b a S X , ,

a b V Y W Z

c d e c e c e

c d e c, d, e Y Z Y Z

c d e c d e c, d, e Y Y Z Y Z Z .

c d e c e

c d e c, d, e Y Z Y V

c d e c, d, e W W Z Y Y V

c d e c, d, e Y Z V .

c d e c e

c d e c, d, e W Z Y Z

c d e c, d, e W Y Z

c d e c, d, e W Z Z Y V V .

Y Z a b

c d e Y Z c d d e c d

d e c e

The fact that the conditions (1) and (2) of Lemma 2 hold when is an interv al

order structure and = ( ) had in fact b een proven in [1], using

different technique and motiv ation. Our pro of is simpler and in more general

framework. [1] deals exclusively with Lamp ort structures (sometimes augmented

with axiom IS6). The equiv alence of Theorem 5(2) is also indirectly formulated

in [1], however no pro of is given.

= ( )

( ) :

( ) ( )

( ) ( ) ( ) = ( )

Because in Theorem 10 we have ‘ ’ instead of a stronger ‘ ’, it

has a limited applicability . T o prove Theorem 5(3) we need another result.

= ( ) =

= =

= =

= =

= =

= ( )

= ( )

(1) Let = and = . Clearly

, and are irreflexive

(by , = = ) and .

T o show = we have:

( ) ( )

( )

T o show we have:

( ) ( )

( )

( )

T o show we have:

( ) ( )

( )

( )

(2) W e observe that = since . Thus and are irreflexive. If

then, by = , we must have or . Moreover, if

or then holds. Hence SS2-4 hold.

3

⊐

⊐

⊐

⊐

⊐

⊐

3

1 1

1 1

1

2

2 2

2

Pr o of of The or em 5(3).

t

po

po t

t po

t

t po po

po

po

7 Concluding Remarks

References

On Glob al-Time and Inter-Pr o c ess Com-

munic ation

̸∅

≺

≺ ⇔

∈

≺ ⇒ ⇒ ⇒ ≺

⇒ ∨

⇒ ∨

⇒ ̸⇒ ⊀ ⇒ ⪯

∈

⊀

⊆ ⪯ ∈

̸∅

̸⊀

⊆ ≺ ≺

∈ ̸∅ ⊓ ⊔

≺

≺ str ats S T , ◁

T , ◁ po X ,

a b ϕ a ◁ ϕ b po

a, b X

a b ϕ a ◁ ϕ b ϕ a ◁ ϕ b a b

a b ϕ a ◁ ϕ b ϕ a ϕ b

ϕ a ◁ ϕ b ϕ a ϕ b

ϕ b ◁ ϕ a b a a b.

po str ats S

a b b a str ats S

S S

S str ats S str ats S b a b a po

str ats S

a b b a S

str ats S str ats S b a b a

po str ats S

X , ,

1. Abraham U., Ben-David S., Magidor M.:

. In: Semantics for Concurrency - Leicester 1990, W orkshops in Com-

puting, Springer-V erlag (1990), 311-323.

F or the finite case, Theorem 5(3) was proven in [14] using a different technique.

First we have to show that ( ) = . Let ( )

b e any total extension of ( ) from Theorem 10. Define = ( ), where

( ) ( ). By Prop osition 7, is a stratified p oset. Moreover, for

all distinct :

( ) ( ) ( ) ( )

( ) ( ) ( ) = ( )

( ) ( ) ( ) = ( )

( ) ( )

Hence ( ). W e will now prove that the conditions (1) and (2) of

Lemma 2 are satisfied.

Supp ose . W e assume , otherwise every element of ( ) sat-

isfies the prop erty . T ake from Lemma 11(1). Since is an extension of

, ( ) ( ). Note that , i.e. , for every

( ) = .

Supp ose . W e now can assume that . T ake from Lemma 11(2).

Clearly

, we have ( ) ( ). Note that , i.e. , for every

( ) = .

The main result, Theorem 5, can b e interpreted as follows: (1) If all observ ations

are mo delled by total orders, p osets alone (p osets are equiv alent to total order

structures !) are sufficient to sp ecify concurrent b ehaviours. (2) If all observ a-

tions are mo delled by stratified orders, stratified order structure s are sufficient

to sp ecify concurrent b ehaviours and should b e used instead of p osets. (3) If

all observ ations are mo delled by interv al orders (and this is b ecoming an in-

creasingly p opular approach), interv al order structures could b e used to sp ecify

concurrent b ehaviours. (4) If observ ations are mo delled by general p oset, one

should consider general order structures.

These could b e seen as an additional supp ort for the approach presented in

[13], where causality is treated as only one of four fundamental inv ariants char-

acterising concurrent b ehaviours. F or an order structure ( ) we prop ose

to interpret as causality and as ‘weak’ causality .

[1, 8, 14, 16] show how relational structure s analysed in this pap er could b e

used to sp ecify concurrent b ehaviours of distributed proto cols, inhibitor Petri

nets, etc. This pap er provides a general framework for and builds a bridge b e-

tween the approaches of [1, 2, 8, 13, 14, 16].

On L amp ort’s Interpr o c ess Communic ation Mo del.

Concurr ent Behaviour: Se quenc es, Pr o c esses and pr o gr am-

ming L anguages

Petri Net Semantics of Priority Systems

Intr ansitive Indiffer enc e with Une qual Indiffer enc e Intervals

Interval Or ders and Interval Gr aphs

The ory of R elations

Partial Or der Mo dels of Concurr ency and the Computation

of F unction

A R esour c e-Base d Prioritize d Bisimulation for R e al-Time Sys-

tems

Petri Net Mo dels for Algebr aic The ories of Con-

curr ency

A F ormal Semantics for Concurr ent Systems with a Priority R elation

Observing Concurr ent Histories

Invariants and Par adigms of Concurr ency The ory

Invariant Semantics of Nets with Inhibitor Ar cs

Structur e of Concurr ency

The Mutual Exclusion pr oblem: Part I-A The ory of Interpr o c ess Com-

munic ation; Part II - Statements and Solutions

F ul ly Abstr act Mo dels for a Pr o c ess L anguage

with R efinement

T e ams Can Se e Pomsets

Mo del ling Concurr ency with Partial Or ders

Sur l’extension de l’or dr e p artial

F ailur e Semantics Base d on Interval Semiwor ds is a Congruenc e for

R efinement

A Contribution to the The ory of R elative Position

2. Anger F.D.: ACM TOPLAS 11

(1989), 404-417.

3. Best E., Devill ers R.:

. GMD-Studien Nr. 99, GMD, Bonn (1985).

4. Best E., Koutny M.: . Theoretical Com-

puter Science 94 (1992), 141-158.

5. Fishburn P

.C.: . J.

Math. Psych. 7 (1970).

6. Fishburn P

.C.: . J. Wiley (1985).

7. F r¨ aisse R.: . North Holland (1986).

8. Gaifman H., Pratt V.:

. Pro c. of Symp osium on Logic in Computer Science (1987), 72-85.

9. Gerb er R., Lee I.:

. Information and Computation, to app ear.

10. v an Glabb eek R., V aandrager F.:

. Pro c. of P

ARLE’87, Lecture Notes in Computer Science 259 (1987),

224-242.

11. Janicki R.: .

Acta Informatica 24 (1987), 33-55.

12. Janicki R., Koutny M.: . in: Pro ceeding s of Real-

Time Systems, Theory and Applicati ons, Y ork 1989, H.M.S. Zedan (Ed.), Elsevier

Science Publishers B.V. (North-Holland ) (1990), 133-142.

13. Janicki R., Koutny M.: . Pro c.

of P

ARLE’91, Lecture Notes in Computer Science 506 (1991), 59-74.

14. Janicki R., Koutny M.: . Pro c. of

CONCUR’91, Lecture Notes in Computer Science 527 (1991), 317-331.

15. Janicki R., Koutny M.: . Theoretical Computer Science

112 (1993), 5-52.

16. Lamp ort L.:

. Journal of the ACM 33 (1986),

313-326.

17. Nielsen M., Engb erg U., Larsen K.S.:

. Lecture Notes in Computer Science 354, Springer (1988), 523-548.

18. Plotkin G., Pratt V.: . unpubli shed memo, av ailabl e elec-

tronicall y as pub/pp2.tex by anonymous FTP from Bo ole.Stanford .EDU.

19. Pratt V.: . Int. Journal of Parallel Pro-

gramming 15, 1 (1986), 33-71.

20. Szpilra jn E.: . F undamenta Mathematicae 16

(1930), 386-389.

21. V ogler W.:

. Pro c. of ST

ACS’90, Lecture Notes in Computer Science 415, Springer

(1990), 285-297.

22. Wiener N.: . Pro c. Camb. Philos.

So c. 17 (1914), 441-449.

This article was pro cessed using the L

A

T

E

X macro pack age with LLNCS style